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Chapter 0

Introduction and preliminaries

The word geometry can mean many different things depending on the context. Literally it means to measure the
earth but the same techniques apply to many other shapes and spaces. We will study three different geometric
languages: Euclidean geometry, projective geometry and Riemannian geometry. Each of these provides the
tools to make precise some of our visual intuitions so as to make predictions and calculations. Even in spaces
that at first sight have nothing to do with geometry or shapes that are too complicated to describe or visualise
directly.

Some main questions we seek to answer are:

1. How to build shapes from high-dimensional triangles and describe their symmetries? (Euclidean geometry)

2. How is a parabola the same as a circle with one point at infinity? (Projective geometry)

3. How to find the shortest path between two points in a curved space? (Riemannian geometry)

Three unifying themes that appear throughout our discussion of both Euclidean, projective and Riemannian
geometry are:

1. The notion of a straight line.

2. Isometries, rigid motions or symmetries of our geometry.

3. The use of linear algebra as a foundation.

At the end of this course you should have a sense of how each of these themes manifests itself in the three
geometries.

My guiding principles for writing these notes and also for doing mathematics are the following. Every
concept, construction and definition should come with a motivation, a story, plenty of interesting examples and
a computer implementation.

A word of advice on how to read this text. READ AND QUESTION EVERY SINGLE WORD. The text
is relatively short but you cannot skip anything. Every sentence is an exercise: Ask yourself do I understand
what is said? Can I give an example of this? How does it relate to what I already know? Why is this condition
necessary? Can’t we do something simpler? Since the definitions are crucial to everything that follows it pays
off to memorize them or at least be able to reconstruct them yourself. If you change the definitions you change
the theory! If you get stuck on something or do not understand what is written then you should mark it and
ask a question about it. Do not let it go. You can and deserve to understand. Please do not feel discouraged if
you have trouble understanding. This is normal and means you are about to learn something. Make sure you
ask questions and try solving the exercises.

0.1 Linear algebra review

So you want to get good at mathematics? My advice is: invest in linear algebra! It is at the core and very
foundation of many if not all subjects in mathematics, not just geometry. In this section we will recall some
basic notions of linear algebra and perhaps introduce a few slightly less basic ones that will be useful in our
study of geometry.

Throughout this course all vector spaces will be finite dimensional and over the real numbers. In this review
the symbol V will always mean such a vector space.
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6 CHAPTER 0. INTRODUCTION AND PRELIMINARIES

A linear subspace W ⊆ V is a subset of V that is closed under scalar multiplication and addition. Using
the scalar multiplication and addition of V the subspace W becomes a vector space in its own right. The sum
of two subspaces U,W ⊆ V is defined as

U +W = {u+ w|u ∈ U, w ∈W}

We say the sum is a direct sum if U ∩W = {0}.
For any set S ⊆ V we define a linear combination of elements of S as a finite sum

∑k
i=1 cisi where ci ∈ R

and si ∈ S. The set of all linear combinations of elements of S is denoted S, it is a linear subspace of V .
The set S ⊆ V is called linearly independent if there is only one linear combination of elements of S that

equals 0, namely 0 itself.
By a basis of a vector space we mean an ordered sequence of vectors b1, . . . bn in V that is linearly independent

and {b1, . . . bn} = V . As mentioned above we will assume that V has a finite basis. In this case any two bases
of V have the same number of elements and we call this number the dimension of V , so n = dim(V ). The
codimension of a linear subspace W ⊆ V is dimV − dimW .

The crucial feature of a basis b1, . . . , bn is that any vector can be written uniquely as a linear combination of
basis vectors. In other words for all v ∈ V there exist unique coefficients c1, . . . , cn ∈ R such that v =

∑n
i=1 cibi.

The numbers c1, . . . , cn are called the coordinates of the v with respect to the basis b1, . . . , bn. Fixing a particular
basis once and for all is tempting because then we can just work with vectors in terms of their coordinates and
pretend that V = Rn. This is not wise because some bases are convenient for some purposes and other bases
are better for other purposes so working more abstractly makes it easier to change basis.

A function between vector spaces L : V → W is called a linear map if it respects the linear algebra
operations. So for all v, v′ ∈ V and all λ ∈ R we have L(v+ λv′) = L(v) + λL(v′). The kernel (null-space) of a
linear map is defined by kerL = {v ∈ V |L(v) = 0}. The image is L(V ) = {L(v)|v ∈ V }. The kernel is a linear
subspace of V and the image is a linear subspace of W .

The dual space V ∗ is the set of all linear functions on V . That is V ∗ = {f : V → R|f is linear}. Given a
basis b1, . . . bn of V we have a dual basis β1 . . . βn of V ∗ where we define βi ∈ V ∗ as follows. The number βi(v)
is the coefficient of bi when expressing v in the basis b1 . . . bn. So we could also say that βi(bj) = δi,j , where δ
is the Kronecker delta function. The basis of (Rn)∗ dual to the standard basis is called ϵ1, . . . ϵn.

A bilinear map is a map B : V × V → R such that for any v, v′, w ∈ V and λ ∈ R we have B(w, v +
λv′) = B(w, v) + λB(w, v′) and B(v + λv′, w) = B(v, w) + λB(v′, w). A bilinear map is symmetric when
B(v, w) = B(w, v) for all v, w ∈ V . The corresponding quadratic form is denoted Q : V → R defined by
Q(v) = B(v, v).

For any bilinear map we define the orthogonal complement of a linear subspace U ⊆ V by U⊥ = {v ∈
V |∀u ∈ U : B(u, v) = 0}. The name comes from the special case where B is an inner product, see below. In
general bilinear forms can be quite different from inner products. They can be classified by Sylvester’s theorem.

Theorem 0.1. (Sylvester’s theorem)
Any symmetric bilinear map B is determined uniquely by its quadratic form Q : V → R defined by Q(v) =
B(v, v). Also, for any B there are p, q ≤ n = dimV and a basis b1, . . . bn of V such that

Q(
∑
j

xjbj) =

p∑
i=1

x2i −
p+q∑
i=p+1

x2i

Proof. The fact that Q determines B follows from the polarization identity:

B(v, w) =
Q(v + w)−Q(v)−Q(w)

2
(1)

For the details of the proof of the second assertion we refer to any linear algebra text. Here it suffices to
remark that the core of the proof is completing the square.

In case Q(v) > 0 for all v ̸= 0 the symmetric bilinear form is said to be an inner product and the square
root of the corresponding quadratic form is called the norm. In that case we write B(v, w) = ⟨v, w⟩ and
Q(v) = |v|2 Also, the Cauchy-Schwartz inequality says |⟨v, w⟩| ≤ |v||w| for all v, w ∈ V .

A basis b1, . . . , bn of V is said to be orthonormal with respect to inner product ⟨., .⟩ if ⟨bi, bj⟩ = δij for all
1 ≤ i, j ≤ n. Starting with any given basis c1, . . . cn we can use the Gram-Schmidt algorithm to construct an
orthonormal basis b1, . . . bn as follows. First define U(v) = v

|v| and set b1 = U(c1). Suppose we already found

b1, . . . bk−1 then we find bk by

bk = U
(
ck −

k−1∑
j=1

⟨ck, bj⟩bj
)
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Given σ ∈ V ∗ and w ∈ V define the shear Sw,σ : V → V by Sw,σ(v) = v + wσ(v). The determinant of
a linear map L : V → V has the following properties. If there is a basis b1, . . . bn such that Lbi = λibi for all
i = 1 . . . n then detL = λ1 . . . λn. For any shear we have

det(Sw,σ ◦ L) = det(L ◦ Sw,σ)

Together these properties determine the determinant uniquely since shears correspond to row and column
operations and any matrix can be transformed to a diagonal matrix using such operations.

In terms of the determinant we can define what an orientation of a vector space means.

Definition 0.2. (Orientation)
We say two bases on a vector space V are equivalent if the determinant of the linear map taking one basis to
the other is positive. By an orientation O on V we mean an equivalence class of bases in the above sense.

When an orientation has been chosen it is common to refer to the bases belonging to this orientation as the
positive bases. The other bases are called negative. Of course this does depend on the choice of orientation. A
vector space together with an orientation is called an oriented vector space. In Rn the standard orientation
is the equivalence class of the standard basis e1, . . . en.

Finally let us recall how the dimensions of the sum and the intersection of two linear subspaces are related.

Lemma 0.3. (Dimensions of intersections of linear subspaces)
For linear subspaces U,W ⊆ V we have

dim(U +W ) = dim(U) + dim(W )− dim(U ∩W )

Proof. Start with a basis b1, . . . bu of U and find vectors bu+1, . . . , bu+k ∈ W \ U to make a basis b1 . . . bu+k of
U +W . Then u = dimU and k = dimW − dim(W ∩ U) and u+ k = dim(U +W ).

In a geometrical discussion of lines and planes it is inconvenient to insist that they all pass through the origin
as linear subspaces should. Shifting a linear subspace by a fixed vector gives what we call an affine subspace.

Definition 0.4. (Affine subspace)
An affine subspace P ⊆ V is a subset of the form P = q+P = {q+ p|p ∈ P}, for some linear subspace P ⊆ V
and q ∈ V . The linear subspace P is called the direction of P. The dimension of P is the dimension of its
direction.

When P has codimension 1 it is referred to as an affine hyperplane. The 1 and 2 dimensional cases are
called affine lines and planes. An interesting example of an affine hyperplane is U ⊆ Rn containing all the
standard basis vectors e1, . . . en. Its direction is U = {ei − ej |i, j ≤ n} and U = e1 + U .

An alternative way to think of affine hyperplanes is to pick some λ ∈ R and a f ∈ V ∗ and consider
P = {v ∈ V |f(v) = λ}. This is indeed an affine subspace and its direction is ker f .

In our example U we could take f = ε1 + ε2 · · ·+ εn ∈ (Rn)∗, and λ = 1 where εi denotes the i-th dual basis
vector. In case we have an inner product we may also write εi(v) = ⟨ei, v⟩.

As an illustration of how results on linear subspaces extend to affine subspaces we consider the dimension
of intersections.

Lemma 0.5. (Dimensions of intersections of affine subspaces)
For affine subspaces U ,W ⊆ V with directions U,W we have

dim(U ∩W) = dim(U) + dim(W)− dim(U +W )

unless U ∩W = ∅.

Proof. Find a vector q ∈ U ∩ W and notice that U = −q + U and W = −q + W. It also follows that
U ∩W = q + U ∩W so that using Lemma 0.3

dimU ∩W = dim(U ∩W ) = dim(U) + dim(W )− dim(U +W ) = dim(U) + dim(W)− dim(U +W )

Exercises

1. Suppose M is a square n by n matrix with real entries.

(a) Prove that the function ⟨., .⟩M : Rn × Rn → R given by ⟨v, w⟩M = vTMw is bilinear.
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(b) Take M =

(
1 2
3 4

)
. Is ⟨., .⟩M an inner product on R2?

(c) Prove that ⟨., .⟩M is an inner product on Rn if and only if the matrix M is symmetric and has only
positive (real) eigenvalues.

2. Prove or give a counter example: For any three subspaces A,B,C ⊆ V :

dim(A+B+C) = dim(A)+dim(B)+dim(C)−dim(A∩B)−dim(B∩C)−dim(C ∩A)+dim(A∩B∩C)

3. Show that every vector space has precisely two orientations.

4. Imagine an inner product ⟨., .⟩ on V . For any basis b = (b1, . . . bn) of V consider the matrix G(b) defined
by G(b)ij = ⟨bi, bj⟩.

(a) Show that there exists a basis c such that ⟨ci, cj⟩ = δij .

(b) Find detG(c) for the basis found in the previous part.

(c) Suppose b is some basis of V . Explain why there exists a unique linear map L : V → V such that
L(ci) = bi for all i = 1 . . . n. Why is detL ̸= 0?

(d) Explain why G(b) = LTG(c)L.

(e) Prove that detG(b) > 0 for any basis b of V using the multiplicativity of the determinant.

0.2 Multivariable analysis review

Recall a subset of P ⊆ Rn is called open if for any p ∈ P there exists ϵ such that {x : |p − x| < ϵ} ⊆ P .
The complement of an open set is called closed. A set C ⊆ Rn is compact if it is both closed and bounded.
A function is continuous if the inverse image of any open set is open. The image of a compact set under a
continuous map is compact. A closed subset of a compact set is again compact.

Suppose P ⊆ Rn is an open subset. A function f : P → Rm is said to be C1 its partial derivatives
∂if : P → Rm are continuous. Here i ranges from 1 to n and ∂i is shorthand for ∂f

∂xi
. Recall that ∂if(x) =

limh→0
f(x+hei)−f(x)

h .
The function f is said to be C2 if all the partial derivatives themselves are C1. In the special case where P

is an interval in R we refer to f as a curve f : (a, b) → Rm. In that case the notation ḟ = ∂1f is used. We can
think of ḟ(t) as the velocity of the curve at time t or perhaps just its tangent vector.

The derivative of a C1 function f : P → Rm is a linear map df(p) : Rn → Rm. Its matrix with respect to the
standard basis is the matrix of partial derivatives df(ej) =

∑m
i=1 ∂jfi, where f =

∑m
i=1 fiei or in other words

f = (f1, . . . , fm). The chain rule states that for any C1 function g : Q→ Rk defined on open Q ⊆ Rm we have

d(g ◦ f)(p) = dg(f(p)) ◦ df(p)

An alternative notation for df is f ′.
An important theorem we will make use of is the existence and uniqueness of solutions to systems of ordinary

differential equations (ODE).

Theorem 0.6. (ODE theorem)
For any open P ⊆ Rn and any C1 function F : P → Rn and any p ∈ P there exist unique a < 0 < b and a
unique C1 curve γ : (a, b) → P such that γ(0) = p and γ̇(t) = F (γ(t)).

The uniqueness means that whenever there are two curves satisfying these properties, they will coincide on
the intersection of their domains.

Exercises

1. Imagine a C1-differentiable curve γ : (a, b) → Rn and an invertible C1 bijection h : (a′, b′) → (a, b) with
C1 inverse. Set β = γ ◦ h.

(a) Prove that
∫ b′
a′

|β̇(t)|dt =
∫ b
a
|γ̇(t)|dt.

(b) Assuming |γ̇(t)| ≠ 0 for all t show there exists a h as above such that |β̇(t)| = 1 for all t.



Chapter 1

Euclidean geometry

Remember the first question we asked was:
How to build shapes from high-dimensional triangles and describe their symmetries?
The high-dimensional triangles will be called simplices and are examples of convex polyhedra that we will

introduce below. The simplest instance is a line segment. After introducing simplices we will use them as
building blocks to create simplicial complexes. Finally we will consider symmetries of Euclidean space.

Following Descartes we use numbers as a foundation for geometry. In more modern terms, we replace Euclid’s
axioms by the axioms of a vector space. By n-dimensional Euclidean space we mean Rn with the standard inner
product ⟨·, ·⟩ and orientation containing the standard basis e1, e2, . . . , en. Recall that ei means the vector with
1 at the i-th coordinate and zeros everywhere else. While it is convenient to speak about Euclidean space in
terms of Rn, we should remember that for the purposes of geometry the origin is not considered a special point.
Also the basis e1, . . . en is no more special than any other orthonormal basis in the same orientation.

1.1 Polyhedra, angles and spheres

We start with the idea of a line segment. The segment connecting a and b ∈ Rn is called

[a, b] = {ta+ (1− t)b|t ∈ [0, 1]}

Notice that in constructing a line segment connecting points a and b we take all possible weighted averages of
the points a and b. Here the weight of a is t and the weight of b is 1 − t. The midpoint is the special case
with equal weights and corresponds to the actual average. More symmetrically we could describe a point on
the interval as waa+ wbb where wa + wb = 1 and wa, wb ∈ [0, 1] is on the same segment.

Convex polyhedra and in particular simplices are a direct generalization of the idea of line segment but now
we connect multiple points. A convex polyhedron contains all weighted averages of some finite set of points.

Definition 1.1. (Convex polyhedra)
For any finite S ⊆ Rn define the convex polyhedron

[S] = {
∑
s∈S

wss|∀s ∈ S ,ws ∈ [0, 1] ,
∑
s∈S

ws = 1}

We often use the abbreviation [p0, . . . , pk] = [{p0, . . . , pk}].

Figure 1.1: Left: Euclid’s dodecahedron. Right: Kepler’s rhombic dodecahedron.

9
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Besides the line segments, examples of convex polyhedra include the n-dimensional cubes

[a, b]n = [{(c1, c2, . . . , cn)|ci ∈ {a, b}}]

and the orthoplexes [{±ei|i = 1 . . . n}]. Building on the three-dimensional cube [{(±1,±1,±1)}] both the
dodecahedra of Euclid and Kepler can be described as

DE = [{(±1,±1,±1)} ∪ {(0,±τ,±τ−1)} ∪ {(±τ−1, 0,±τ)} ∪ {(±τ,±τ−1, 0)}]

DK = [{(±1,±1,±1)} ∪ {(0, 0,±2)} ∪ {(0,±2, 0)} ∪ {(±2, 0, 0)}]

where τ = 1+
√
5

2 is the golden ratio. The signs of the coordinates above can all be chosen independently so that
the set defining DE has 20 elements and DK is defined by 14 vertices.

A more mysterious example is the 24-cell C24 in R4, what does it look like?

C24 = [{±e1,±e2,±e3,±e4,
±e1 ± e2 ± e3 ± e4

2
}

At the end of this chapter we will know more.
Less symmetric examples of convex polyhedra can be generated by simply choosing a finite subset S ⊆ Rn

at random. Some typical examples in dimensions 2 and 3 are shown in Figure 1.2.

Figure 1.2: Left: The convex polyhedron in R2 determined by a randomly chosen set of 16 points in the
plane. Right: Two convex polyhedra in R3 determined by two randomly chosen sets of 26 points in R3.

The most important class of convex polyhedra are the simplices and we will use them as building blocks for
more complicated shapes. As illustrated in Figure 1.3 the simplices of dimension 0, 1, 2 and 3 are the point,
interval, triangle and tetrahedron.

Definition 1.2. (Simplex)
We say [v0, v1, . . . vk] is a k-dimensional simplex if the set {v1−v0, v2−v0, . . . , vk−v0} is linearly independent.
By convention we allow the empty set to be a simplex of dimension −1. If [S] is a simplex and F ⊆ S, we say
[F ] is a face of [S]. The 0-dimensional faces are called the vertices of [S], the 1-dimensional faces are called
the edges and the (k − 1)-dimensional faces are called the facets.

The dimension of a convex polyhedron [P ] is the maximum dimension of a simplex [T ] with T ⊆ P .

Figure 1.3: Left: A 0-dimensional, simplex, a 1-dimensional simplex, a 2-dimensional simplex and a 3-
dimensional simplex in R3. Right: Another 3-simplex with its four vertices marked in green, the edges
marked in blue and one of the facets marked in red.

2-simplices are triangles and where there are triangles there must also be angles. The standard inner product
on Rn almost determines the angle between two vectors but not quite. There is a sign missing and that is related
to the concept of orientation, see Definition 0.2.
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Definition 1.3. (Angle)
The absolute value of the angle between two non-zero vectors u, v ∈ Rn is

|∠(u, v)| = cos−1

(
⟨u, v⟩
|u||v|

)
∈ [0, π]

Suppose P ⊆ Rn is an oriented two-dimensional linear subspace and u, v ∈ P . We have ∠(u, v) = ±|∠(u, v)|
where the sign is +1 if u, v is a positive basis and −1 otherwise. For distinct points A,B,O ∈ Rn define

|∠AOB| = |∠(A−O,B −O)|

and if an orientation is chosen for the direction of the affine plane spanned by A,O,B then

∠AOB = ∠(A−O,B −O)

Figure 1.4: Finding the angle ∠BCD on a face of Kepler’s dodecahedron.

As an example consider the face of Kepler’s rhombic dodecahedron with vertices A = (0, 0, 2), B = (1, 1, 1),
C = (2, 0, 0) and D = (1,−1, 1). Notice these four points are indeed in the same affine plane because B − C +
D−C = A−C. What is the angle ∠BCD? The sign of the angle is not defined until we choose an orientation
of the face so we start with determining |∠BCD|. Set u = B − C = (−1, 1, 1) and v = D − C = (−1,−1, 1)
then cos |∠BCD| = 1

3 so |∠BCD| = cos−1( 13 ) ≈ 1.23. The affine plane spanned by BCD has direction spanned
by x = e2 and y = e1 − e3. Suppose that we orient it by stating that the basis (x, y) is positive, then we can
decide on the sign of ∠BCD. Since u = x− y and v = −x− y the linear map changing from the u, v basis to

the x, y basis has matrix

(
1 −1
−1 −1

)
. That has determinant −2 so the basis (u, v) is not positive and the

sign of ∠(u, v) is −1. In conclusion ∠BCD = − cos−1( 13 ) with the stated choice of orientation.
Taking care of the sign becomes essential once we start adding angles together.

Lemma 1.4. (Addition of angles)
For unit vectors u, v, w in an oriented 2-plane P ⊆ Rn we have:

∠(u, v) + ∠(v, w) = ∠(u,w) mod 2π (1.1)

Proof. The addition formula of the cosine function shows that Formula (1.1) is true whenever all three angles
are in [0, π2 ). It is also true whenever all three angles are integer multiples of π2 . Any x ∈ (−π, π] can be written
uniquely as x = x̃ + nπ2 for some integer n and 0 ≤ x̃ < π/2. The general case now follows and the proof is
complete.

We end this section with a brief mention of spheres.

Definition 1.5. (Ball, sphere)

1. The (n− 1)-sphere with center c ∈ Rn and radius r > 0 is Sn−1
c,r = {x ∈ Rn : |x− c| = r} and

2. The open n-ball Bnc,r = {x ∈ Rn : |x− c| < r}
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3. The closed n-ball B̄nc,r = {x ∈ Rn : |x− c| ≤ r}.

Circles and spheres, disks and balls of lower dimension can be constructed in Rn as Sn−1
c,r ∩ G where G is an

affine subspace passing through c. Spheres are closely related to simplices. For example we can find a unique
sphere that hits all vertices of a given simplex:

L
H

B

x0

x1

x2

c

b

Figure 1.5: Finding the sphere that circumscribes a simplex.

Lemma 1.6. (Circumscribed sphere)
For any n-simplex in Rn there exists a unique (n− 1)-sphere passing through all its vertices (assuming n > 0).

Proof. It is convenient to prove a stronger statement that is more amenable to induction. We will prove the
statement (*): For any N -dimensional affine subspace A in Rn and any N -simplex contained in A there exists
a unique c ∈ A and r > 0 such that Sn−1

c,r ∩ A passes through all vertices of the simplex. Here we will assume
N ≤ n.

We proceed by induction on the dimension N . Our induction basis will be N = 1. A 1-simplex is an interval
[a, b] and through it passes the 0-sphere with center a+b

2 and radius b−a
2 .

For the induction step assume the statement (*) is true for all M < N and take an N -simplex X =
[x0, . . . , xN ] contained in some affine subspace A of dimension N . The simplex F = [x1, . . . , xN ] is contained in
an affine subspace B ⊆ A of dimension N − 1. By the induction hypothesis there is a b ∈ B and s > 0 such that
the vertices of F are contained in Sn−1

b,s ∩B. To finish the proof we should find a point c that is equally far from
all the xi. The points in A equally far from x1, . . . xN form an affine line L in A orthogonal to B. The points
equally far from x0, x1 form an affine hyperplane H. By construction the point H ∩ L is the c we seek.

Figure 1.6: Inverting a cat with I0,1 in R2.

A more advanced aspect of spheres is the operation of inversion. Roughly speaking it is the effect of
reflecting in a spherical mirror. We mention it here because it is of great importance both in Euclidean and in
non-Euclidean geometry and clarifies many mysterious relationships between circles.

Definition 1.7. (Inversion in a sphere)
Inversion is the map Ic,r : Rn \ {c} → Rn defined by Ic,r(x) = r2 x−c

|x−c|2 + c.
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Just like ordinary reflection, the mirror Snc,r does not move: we have Ic,r(Snc,r) = Snc,r. The special case I0,1
is illustrated in the plane in Figure 1.6. Notice how the straight sides of the square cat image are turned into
circular arcs. The distortion increases as one comes closer to the center of the circle yet many of the features
(angles) seem to be preserved. This and more is a consequence of the following theorem that we will state
without proof.

Theorem 1.8. (Inversion preserves spheres and reverses angles)
Suppose A1, A2, A3 are distinct points in Rn and A′

i = Ic,r(Ai). Then inversion reverses angles in the sense
that

∠A′
1A

′
2A

′
3 = −∠A1A2A3

The image Ic,r(Sn−1
d,s ) is another (n− 1)-sphere, unless c ∈ Sn−1

d,s , in which case it is an affine hyperplane. If H
is an affine hyperplane then Ic,r(H) is an (n− 1)-sphere passing through c, unless c ∈ H in which case Ic,r(H)
is also an affine hyperplane passing through c.

One way to make inversion easier using the above theorem is to use spheres that are orthogonal to the sphere
one does inversion in. Since angles are reversed and spheres are preserved the orthogonal spheres will be sent
to themselves.

Exercises

1. We say a subset X ⊆ Rn is bounded if there exist r > 0 and c ∈ Rn such that X ⊆ B̄nc,r.

(a) Prove that any 1-simplex in Rn is bounded.

(b) Prove that any 2-simplex in R2 is bounded.

(c) Prove that for any a, b, c ∈ R2 the polyhedron [{a, b, c}] is bounded.
(d) Prove that any k-simplex in Rn is bounded.

(e) Is every convex polyhedron in Rn bounded?

2. (a) Prove that for any T ⊆ S ⊆ Rn we have [T ] ⊆ [S].

(b) Can you find an example of T ̸= S such that [T ] = [S]?

(c) Prove that any face of a simplex is again a simplex.

(d) Give an example of a convex polyhedron [S] and a subset T ⊆ S such that [T ] ̸= [S] yet [T ] has the
same dimension as [S].

3. Imagine vectors v1, . . . vk in some finite dimensional vector space V .

(a) Prove that if {v1 − v0, v2 − v0} are linearly independent, then so are {v0 − v2, v1 − v2}.
(b) Prove that if {v1 − v0, v2 − v0, . . . , vk − v0} are linearly independent, then so are {v0 − vk, v1 −

vk, . . . , vk−1 − vk}.

4. Face it!

(a) Write down all the faces of the two-simplex [e1, e2, e1 + e2] ⊆ R2.

(b) Is the face [e1, e2] a 1-simplex? What about the other faces you found? Are they always simplices?

(c) How many j-dimensional faces does a k-simplex have?

5. A set X ⊆ Rn is called convex if for any x, y ∈ X we have [x, y] ⊆ X.

(a) Give an example of a convex subset of R2 and also an example of a subset that is not convex.

(b) Prove that any convex polyhedron is convex.

6. Intersections 1.

(a) Prove that there is a unique 2-dimensional affine subspace P of R4 that passes through the points
a = (1, 0, 1, 0), b = (0, 1, 0, 1) and c = (1, 1, 1, 1).

(b) What is the direction of P?

(c) Describe the intersection of P with the 3-simplex [e1, e2, e3, e4] in R4.

7. Intersections 2. Define subsets S, T ⊆ R4 by S = {e1 − e2, e2 − e3, e3 − e4, e4 − e1} and T = {−e1, e2, e2 −
e4, 2e1 + e4, e4}.
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(a) Is [S] a 3-simplex in R4? Is [T ] a 4-simplex in R4?

(b) Prove or disprove [S] ∩ [T ] = ∅.
(c) Find the dimension of [S ∪ T ].

8. Imagine a set S ⊆ Rn with k + 1 elements. Prove that [S] is a k-simplex in Rn if and only if there is a
unique k-dimensional affine subspace of Rn containing S.

9. The rule of cosines. Assume [a0, a1, a2] is a 2-simplex in Rn. The length of the edge opposite to ai is
called Ai and the absolute value of the angle between the edges meeting in vertex ai is called αi. We aim
to prove

A2
0 = A2

1 +A2
2 − 2A1A2 cosα0

(a) Explain why without loss of generality we may assume that a0 = 0.

(b) Assuming from now on that a0 = 0, show that A1 = |a2| and A2 = |a1| and express A0 in terms of
a1, a2.

(c) Expand ⟨a1 − a2, a1 − a2⟩ and use the formula cosα0 = ⟨a1,a2⟩
|a1||a2| to finish the proof.

10. Imagine a convex polytope [S] in R4 defined by S = {e1, e1 + e2, e1 + e2 + e3, e1 + e2 + e3 + e4}.

(a) What is the dimension of [S]?

(b) Describe the intersection [S] ∩ [(1,−1, 1,−1), (2, 2, 2, 2)] as explicitly as possible.

11. (What is the Duisenberg map?)
On the front of the Duisenberg building, visible from our lecture hall the figure of the person with the
ball looks like the image of the smaller figure under an inversion in a circle. Is it true that the Duisenberg
map is Ic,r for some suitable c ∈ R2 and r > 0? What is the meaning of the green lines?

12. Prove that for every k-simplex in Rn there is a unique affine k-dimensional subspace of Rn that contains
all its vertices.

13. In this exercise we ask some questions about the proof of Lemma 1.6.

(a) Check that T = {(0, 0, 0, 1), (1, 1, 1, 1), (1, 2, 1, 1), (1, 0, 0,−1), (−1, 1,−1, 2)} defines a 4-simplex [T ].

(b) Compute the circumscribed sphere for [T ].

(c) Give an example of a convex polyhedron [X] such that there is no sphere passing through all elements
of X.

(d) Prove that for any two points x, y ∈ Rn the set PB = {v ∈ Rn : |v − x| = |v − y|} is an affine
hyperplane. Hint: prove PB = (x− y)⊥ + x+y

2 .

(e) Explain why the affine hyperplane H cannot contain the line L.
(f) Also explain why A is the smallest affine subspace containing both B and L and why it is N -

dimensional.

14. If [S] is a k-simplex in Rn then any element p ∈ [S] can be written as p =
∑
s∈S wss for some ws ∈ [0, 1]

that add up to 1. We call the numbers ws the barycentric coordinates of the point p.

(a) Prove that the barycentric coordinates of a point p ∈ [S] are uniquely defined by p. In other words:
show that if p =

∑
s∈S wss =

∑
s∈S vss then vs = ws for all s ∈ S. Assuming of course that∑

s ws =
∑
s vs = 1 and 0 ≤ vs, ws ≤ 1.

(b) Consider a triangle [A,B,C] in R2 and denote the barycentric coordinates of point p by wA(p), wB(p), wC(p).
Describe the set {p ∈ [A,B,C]|wA(p) = wB(p)} geometrically.

(c) Prove that the three line segments connecting the midpoint of an edge to the opposite vertex pass
through a single point.

(d) The point found in the previous part is known as the center of gravity or centroid. Show that the
distance from the centroid to the midpoint of an edge is half the distance to the opposite vertex.

15. Consider an oriented 2-dimensional linear subspace P ⊆ Rn. And u, v ∈ P and imagine a special orthog-
onal linear map F : P → C. Prove that

ei∠(u,v) = F (v)F (u)
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16. Angle sum in a triangle. Suppose [A1, A2, A3] is a triangle in R2 and choose the standard orientation
on R2.

(a) Prove that for any nonzero u, v ∈ R2 we have ∠(u, v) = ∠(−u,−v) and ∠(−u, v) = −∠(u, v) = ∠(v, u)
mod 2π.

(b) Prove that for any nonzero u ∈ R2 we have ∠(u,−u) = π mod 2π.

(c) Compute ∠A2A1A3 + ∠A3A2A1 + ∠A1A3A2 using the angle addition lemma 1.4 and the previous
two parts.

17. Show that [e1, e2, e3, . . . , en] is a regular n-gon in Rn+1.

18. (a) Prove that for a simplex [X] and A,B ⊆ X we have [A ∩B] = [A] ∩ [B].

(b) Give a counter example to show that sometimes [A ∩ B] ̸= [A] ∩ [B] in the case where [X] is a
polyhedron.

1.2 Simplicial complexes

To broaden our perspective on Euclidean geometry we introduce a very general structure that captures many
geometrical objects. We basically allow ourselves to glue together simplices of all dimensions. The result is
called a simplicial complex.

Figure 1.7: 40 regular tetrahedra glued together to form a helix.

Definition 1.9. (Simplicial complex)
A finite set K of simplices in Rn is called a simplicial complex if every face of a simplex of K is also in K
and the intersection between any two simplices in K is a face of both. Define Kℓ to be the set of all ℓ-simplices
in K. The maximum dimension of the simplices of K is called the dimension of K. Define the underlying set
to be |K| =

⋃
σ∈K σ ⊆ Rn.

A one-dimensional simplicial complex in Rn looks like a graph with edges that are intervals and are not
allowed to intersect except at the vertices. For example the simplicial complex

K = {∅, [0], [e1], [e2], [2e2], [e1, e2], [0, e2], [0, e1], [e2, 2e2]}

represents a graph with four edges and four vertices as shown in Figure 1.8 (Left). A related two-dimensional
example is L = K ∪ {[0, e1, e2]}.

(0,0) (1,0)

(0,1)

(0,2)

(0,0) (1,0)

(0,1)

(0,2)

Figure 1.8: Left: the simplicial complex K, Right: The complex L.
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For any k-simplex σ = [v0, v1, . . . vk] ⊆ Rn we can construct a simplicial complex ⟨σ⟩ consisting of all the
faces of σ. This construction is a special case of Definition 1.12. For example

⟨[e1, e2, e3]⟩ = {∅, [e1], [e2], [e3], [e1, e2], [e1, e3], [e2, e3], [e1, e2, e3]}

is a two-dimensional simplicial complex in R3 consisting of the faces of the 2-simplex σ = [e1, e2, e3] ⊂ R3.
As a non-example consider the following set of simplices in R2

N = {∅, [0], [e1], [e2], [e1 + e2], [e1, e2], [0, e1 + e2]}

this is not a simplicial complex because the intersection of the two 1-simplices [e1, e2] ∩ [0, e1 + e2] = {( 12 ,
1
2 )}

and the intersection point is not a face of either one: ( 12 ,
1
2 ) /∈ N

A very basic yet effective way to study simplicial complexes is to take the alternating sum of the number of
simplices in each dimension. This is known as the Euler characteristic.

Definition 1.10. (Euler characteristic)
The Euler characteristic χ(K) of a simplicial complex is defined to be χ(K) =

∑
d=0(−1)d#Kd.

For example the 2-dimensional simplicial complex L from Figure 1.8 above has 4 vertices, 4 edges and one
triangle so χ(L) = 4− 4 + 1 = 1.

For computing the Euler characteristic and many other purposes the exact location of the vertices of our
simplicial complex is irrelevant. Knowing who is the face of who among the simplices is often enough to get a
lot of information. This is recorded in the notion of an abstract simplicial complex.

1 1

11

2 3

23

44

55

6 7

8 9

1 1

11

2 3

2 3

44

55

6 7

8 9

Figure 1.9: The figure shows a sketch of two 2-dimensional abstract simplicial complexes both have 9
vertices, 27 edges and 18 triangles. Later we will see that the first has a geometric realization as a torus
in R3, while the second can be realized as a Klein bottle in R4.

Definition 1.11. (Abstract simplicial complex)
An abstract simplicial complex is a finite set A consisting of finite sets such that α ∈ A and β ⊆ α implies
β ∈ A. In analogy with simplicial complexes we define Ak = {α ∈ A|#α = k+1} and dimA = max{k|Ak ̸= ∅}.

For example an abstract simplicial complex would be

A = {∅, {a}, {b}, {c}, {d}, {a, b}, {a, d}, {b, c}, {b, d}, {c, d}, {a, b, d}, {b, c, d}} (1.2)

with A0 = {{a}, {b}, {c}, {d}} and A1 = {{a, b}, {a, d}, {b, c}, {b, d}, {c, d}} and A2 = {{a, b, d}, {b, c, d}} and
Ak = ∅ for k > 2 so dimA = 2.

Abstract simplicial complexes arise from simplicial complexes if we forget about the simplices themselves
and also the ambient Euclidean space. As such it is much easier to construct examples as we are not required to
check for illegal intersections of simplices. For example consider the left picture of Figure 1.9. The vertices have
been numbered and the edges and triangles suggest that we have a two-dimensional complex but the locations
of the vertices are not specified and may not even make much sense. Notice that the point labelled 1 appears
four times. This just means that the complex contains both {1, 2, 4} and {1, 5, 8}.

In the exercises we will explore a bit more how abstract simplices can be ‘glued’ together as in the above
two examples.

Writing down all the simplices in an (abstract) simplicial complex is a lot of work and usually not necessary.
It suffices to give the top-dimensional simplices. It is then understood that their faces are also included. We
formalize this in the following definition.

Definition 1.12. (Generating (abstract) simplicial complexes)
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1. For a finite set S of simplices in Rn denote by ⟨S⟩ the set consisting of all the faces of the elements of S.

2. For a finite set S of finite sets denote by ⟨S⟩ the set consisting of all the subsets of elements of S.

In both cases we will use the shorthand ⟨a, b, c, . . .⟩ to mean ⟨{a, b, c, . . . }⟩.

Note that it is not guaranteed that ⟨S⟩ is a simplicial complex. We still have to check that any two elements
intersect in a common face as usual. Some more complicated examples can now be written down too. For
example we can build a simplicial complex whose underlying set is a triangular prism σ × [0, 1] ⊆ Rn+1 where
σ = [v1 . . . vk] ⊆ Rn is any k-simplex. Set wj = vj + en+1 and define the prism as

P = ⟨{[v1, . . . vk, wk], [v1, . . . , vk−1, wk−1, wk], . . . , [v1, v2, w2, w3, . . . , wk], [v1, w1 . . . , wk]}⟩

Figure 1.10: Left and Middle: Two simplicial complexes that look like a torus. On the left we took
(r, R, k) = (1, 4, 3) and on the right (r, R, k) = (1, 3, 33). Right: A simplicial Mobius strip

Another interesting example is a torus surface in R3. For any integer k > 2 and 0 < r < R can parametrize
such a surface using a function W : [0, k)2 → R3 given by

W (a, b) = (cos(
2

k
πa)e1 + sin(

2

k
πa)e2)(R+ r cos(

2

k
πb)) + r sin(

2

k
πb)e3

To approximate this shape using a simplicial complex we discretize the variables a, b to only take integer values
modulo k. This way we get a simplicial torus T for every value of k, r, R, see also Figure 1.10:

T = ⟨
k−1⋃
a,b=0

{[W (a, b),W (a+ 1, b),W (a+ 1, b+ 1)], [W (a, b),W (a, b+ 1),W (a+ 1, b+ 1)]}⟩

Perhaps surprisingly all abstract simplicial complexes arise from usual simplicial complexes in some Euclidean
space.

Theorem 1.13. (Geometric realisation theorem)
We say a simplicial complex K in Rn is a geometric realization of the abstract simplicial complex A if there is
a bijection r : A→ K such that

∀α, β ∈ A r(α ∩ β) = r(α) ∩ r(β) (1.3)

For any abstract simplicial complex A there exists a geometric realization in R2 dimA+1.

Proof. Set d = dimA and denote the set of all vertices of A by VA =
⋃
α∈A α. Using the General position

lemma 1.14 given below we know there is an injective map f : VA → R2d+1 such that any subset J ⊆ VA with
#J ≤ 2d+ 2 is sent to the vertices of a 2d+ 1 simplex in R2d+1.

Define K = {[f(α)]|α ∈ A} and r : A → K by r(α) = [f(α)]. It remains to show that K is a simplicial
complex and for this it suffices to prove Equation (1.3). Take α, β ∈ A and notice that dimA = d so that
#(α ∪ β) ≤ 2d + 2. This means there is some 2d + 1-simplex [X] ⊂ R2d+1 such that P = f(α) ⊆ X and
Q = f(β) ⊆ X. Every point in c ∈ [X] can be written uniquely as

∑
x∈X wxx for weights wx ∈ [0, 1] summing

to 1. It follows that the weights for any c ∈ [P ] ∩ [Q] can only be non-zero for those x ∈ P ∩ Q. Therefore
[P ] ∩ [Q] = [P ∩Q]. By injectivity of f this proves Equation (1.3).

We now proceed with the precise statement and proof of the general position lemma that was already used
in the previous proof.

Lemma 1.14. (General position lemma)
We say G ⊆ Rn is in general position if any n+ 1 elements of G are the vertices of an n-simplex. For any
N ≥ n+ 1 there exists a G ⊆ Rn in general position with #G = N .
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Proof. Induction on N . First if N = n+ 1 we can just take G = {0, e1, . . . en}. Next suppose we already have
a subset G ⊆ Rn in general position with #G = N − 1. Denote by F the union of all affine subspaces of Rn
generated by at most n elements of G. If we can find x ∈ Rn \ F then G ∪ {x} will be in general position.
Indeed, for any n-element subset J ⊆ G we know [J ] is an n− 1 simplex that spans an affine hyperplane that
does not contain x so [J ∪ {x}] must be an n-simplex.

It remains to prove that Rn cannot be the union of finitely many affine hyperplanes H1, . . . Hk. We may
assume there exists u ∈ H1 such that u /∈ Hj for j > 1 and take v ∈ H2 \ H1. For any j the intersection
Hj ∩ [u, v] contains at most one point because any affine subspace containing two points of [a, b] contains [a, b].
Therefore we have shown there exist elements in [u, v] that are not in the union of the Hi.

F

f

Figure 1.11: Left: A free face f , properly contained only in the green simplex F . Right: the result of
collapsing along the pair (f, F ).

Even when regarding simplicial complexes as abstract simplicial complexes they still contain an enormous
amount of information. When are two complexes roughly the same? One way to interpret being roughly the
same is in terms of collapses defined below.

Definition 1.15. (Collapse, simple homotopy equivalence)
We say a nonempty simplex f ∈ K is a free face if there is a unique F ∈ K that strictly contains it. In this
case L = K \ {f, F} is called the collapse of K along (f, F ).

K is (simple homotopy) equivalent to M if there is a finite sequence of simplicial complexes K(j) such that
K = K(0) and M = K(m) and either K(j) is a collapse of K(j+1) or vice versa.

The example K from Figure 1.8 has one single free face, namely the vertex f = {2e2} since it is only
contained in edge F = [e2, 2e2]. Collapsing along (f, F ) we obtain K ′ = ⟨{[0, e1], [0, e2], [e1, e2]}⟩. Going
one step further we note that the complex S = ⟨{[0, e1], [0, e2], [e1, e1 + e2], [e2, e1 + e2]}⟩ is simple homotopy
equivalent to K. To see why take K = K(0) and K(1) = K ′ and , K(2) = ⟨{[0, e1], [0, e2], [e1, e2], [e1, e1 + e2]}⟩,
K(3) = ⟨{[0, e1], [0, e2], [e1, e2, e1 + e2]}⟩ and K(4) = S. Notice how K(3) collapses to S when we use the free
face [e1, e2] while K

(3) collapses to K(2) when we use the free face [e2, e1 + e2] instead.

It is left as an exercise to the reader to prove that any simplex collapses to a point. More precisely for any
simplex [X] the simplicial complex ⟨[X]⟩ is equivalent to ⟨[0]⟩.

A more elaborate example of simple homotopy equivalent complexes is shown in Figure 1.12.

As a further test of our new notion of equivalence let us see how it interacts with the Euler characteristic.

Lemma 1.16. (Invariance of Euler characteristic)
If two simplicial complexes are equivalent they must have the same Euler characteristic.

Proof. If L = K \ {f, F} is a collapse of K then we must have dimF = dim f + 1 because otherwise there
will be another face of F that also contains f . This means that χ(K) = χ(L) as we remove precisely one
odd-dimensional and one even-dimensional simplex. A general simple homotopy equivalence is a finite sequence
of collapses and their inverses so the Euler characteristic will not change.

For example the complex L from Figure 1.8 has Euler characteristic 1 because it collapses to a single point.
The complicated coffee mug and doughnut in Figure 1.12 all have Euler characteristic 0 as is easily seen by
looking at the equivalent pictures in the middle: 1-dimensional complexes with an equal number of points and
edges.

We end this section with a short discussion of simplicial surfaces and a geometric interpretation of the Euler
characteristic in this context.

Definition 1.17. (Simplicial surface)
A simplicial surface in Rn is a two-dimensional simplicial complex in Rn such that every 1-simplex is the
face of precisely two 2-simplices and every 0-simplex is the face of at least one 1-simplex.

The Gauss curvature of a simplicial surface κ : Σ0 → R is defined as follows: The sum of the absolute
values of the angle of the triangles that meet at p is 2π − κ([p]).
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Figure 1.12: A sequence of collapses illustrating the doughnut and a coffee mug are simple homotopy
equivalent. For simplicity some collapses are carried out simultaneously.
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Perhaps the simplest simplicial surface consists of all proper faces of any 3-simplex. In this case the Euler
characteristic is 2 because if we include the 3-simplex as a face the complex would collapse to a point. The
torus surfaces shown in Figure 1.10 are also examples of simplicial surfaces but the Mobius strip show on the
right of the same figure is not because it has many free faces at the boundary.

More complicated simplicial surfaces are provided by the torus examples above. A more efficient way of
generating simplicial surfaces is through the geometric realization theorem. We start with an abstract simplicial
complex that satisfies the conditions of being a surface. Once that is done the geometric realization theorem
guarantees a geometric realization exists and this will be a simplicial surface.

The intuitive meaning of the Gauss curvature κ([p]) is that it measures how curved the surface is at point p.
For example consider the special case of a point p where k equilateral triangles meet at p. When k ∈ {3, 4, 5}
we have κ([p]) > 0 and the surface looks like a piece of a sphere in the sense that the tangent plane is on one
side. When k = 6 we get κ([p]) = 0 and the surface looks flat. Finally for k ≥ 7 the surface looks like a saddle
that fluctuates wildly around p.

The following theorem is surprising because it relates information about the shape of a simplicial surface
such as the angles in its triangles to the Euler characteristic which only depends on the underlying abstract
simplicial complex.

Theorem 1.18. (Simplicial Gauss-Bonnet)
For any simplicial surface Σ we have: ∑

[p]∈Σ0

κ([p]) = 2πχ(Σ)

Proof. Grouping the angles by the triangle they belong to and taking for granted that the three angles in any
triangle sum to π we obtain

2π#Σ0 −
∑

[p]∈Σ0

κ([p]) =
∑

[p]∈Σ0

(2π − κ([p])) = π#Σ2

Therefore
∑

[p] κ([p]) = 2π#Σ0−π#Σ2 = 2π(#Σ0−#Σ1+#Σ2) = 2πχ(Σ) because at every edge two triangles
meet: 3#Σ2 = 2#Σ1.

For example in the simple case where Σ consists of the proper faces of a regular 3-simplex we see that
κ([p]) = π for all four vertices and so

∑
[p]∈Σ0

κ([p]) = 4π. This is consistent because the Euler characteristic is
2.

The name Gauss-Bonnet refers to the differentiable analogue of this theorem where one integrates the Gauss-
curvature over a surface and finds the 2π times its Euler characteristic. No matter what shape the surface takes.

Exercises

1. Which of the following is a simplicial complex? If so, give the dimension, the underlying set and the Euler
characteristic.

(a) [e1, e2, e3].

(b) {[e1, e2, e3]}
(c) ⟨{[e1, e2, e3]}⟩
(d) {[e1], [e2], [e3], [e1, e2], [e1, e3], [e2, e3]}
(e) {∅, [e1], [e2], [0], [e1 + e2], [0, e1 + e2], [e1, e2]}
(f) ⟨{[(1, 1, 1), (1, 2, 1), (2, 2, 2)], [(1, 1, 1), (1, 2, 1), (0, 2, 0)], [(0, 2, 0), (2, 2, 2)]}⟩

2. Sketch |K| for the simplicial complex K in R3 defined by

K = ⟨{[e1+e3, e1−e3], [e2+e1, e2−e1], [e3+e2, e3−e2], [e1+e3, e2−e1], [e2+e1, e3−e2], [e3+e2, e1−e3]}⟩

3. Find a simplicial complex K such that |K| = [0, 1]3 and compute its Euler characteristic.

4. Write your initials by constructing a simplicial complex K such that |K| ⊆ R2 spells out the letters.

5. Sketch a picture of the complexes K = ⟨{[0, e1, e2, e3, e4, e5], [e1, e2, e3, e4, e5, e1 + e2 + e3 + e4 + e5]}⟩ and
L = K ∪ ⟨{[e1 + e2 + e3 + e4 + e5, 5e5], [5e5 − e1, 5e5], [−e1, 5e5 − e1], [−e1, 0]}⟩ and compute their Euler
characteristics.

6. Find a geometric realisation in R4 of the abstract simplicial complex given by

A = ⟨{{a, b, c, d, e}, {a, c, d, e}, {g, h, i}, {h, a}}⟩
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7. In this exercise we explore ‘glueing’ abstract simplicial complexes using an equivalence relation. Imagine
an abstract simplicial complex A consisting of (finite) subsets of some set U . Suppose ∼ is an equivalence
relation on U and denote the equivalence class of u ∈ U by ū. Also define for any α ∈ A the set
ᾱ = {ū|u ∈ α}. We will assume that for #ᾱ = #α for any α ∈ A. Define a new abstract simplicial
complex A/ ∼ by {ᾱ|α ∈ A}. We will assume that #ᾱ = #α for any α ∈ A .

(a) Define Σ =

{p+{(1, 1), (−1,−1), (1,−1)}|p = (x, y) ∈ {±2, 0}2}+{p+{(1, 1), (−1,−1), (−1, 1)}|p = (x, y) ∈ {±2, 0}2}

Provide a geometrical realisation of Σ in R2 and sketch its simplices. How many are there?

(b) Define the equivalence relation ∼ on R2 by (x,−3) ∼ (x, 3). Explain why Σ/ ∼ can be realised
geometrically as a ring (annulus) obtained by ‘gluing’ the opposite horizontal faces of Σ viewed as a
subset of R2.

(c) Define the equivalence relation ∼ on R2 by (x,−3) ∼ (x, 3) and (3, y) ∼ (−3, y). Explain why Σ/ ∼
can be realised geometrically in R3 as a torus surface obtained by gluing together the opposite edges
of the square Σ.

(d) Define the equivalence relation ∼ on R2 by (x,−3) ∼ (x, 3) and (3, y) ∼ (y − 3, y). What does the
geometric realisation look like this time?

8. Equivalences.

(a) Prove that the three simplicial complexes in R2 defined by K = {∅, [0]} and L = {∅, [e1]} and
M = {∅, [0], [e1], [0, e1]} are all equivalent.

(b) Prove that for any p, q ∈ Rn the simplicial complexes K = ⟨[p]⟩ and L = ⟨[q]⟩ are equivalent.

(c) Prove that ⟨{[0, e1, e2]}⟩ and J = ⟨{[0, e1, e2]}⟩ \ {[0, e1, e2]} are NOT equivalent.

(d) Set B = {∅, [0], [e1]} and M = ⟨{[0, e1, e2, e3]}⟩ \ {[0, e1, e2, e3]}. Prove that while χ(M) = χ(B) they
are not equivalent. Hint: paths.

(e) Is J equivalent to Z = ⟨{[e1 + e2, 4e1, 4e2]}⟩ \ {[e1 + e2, 4e1, 4e2]}?

9. For a d-dimensional simplicial complex K in Rn define L = K \Kd. Prove that L is a simplicial complex
in Rn.

10. Collapsing a simplex. Assume X = {x1, . . . xn} ⊆ Rn is such that [{x0} ∪X] is an n-simplex in Rn.

(a) Explain why [x0, x1, x2] is a 2-simplex and describe the free faces of the corresponding simplicial
complex ⟨[x0, x1, x2]⟩.

(b) Show that ⟨[x0, x1, x2]⟩ collapses to ⟨{[x0, x1], [x0, x2]}⟩. Which free face was used?

(c) Collapse ⟨[x0, x1, x2, x3]⟩ as far as you can and try not to remove the vertex x0.

(d) Prove that for any r ≤ n the following defines a simplicial complex K(r).

K(r) = {[S]|S ⊆ X#S ≤ r} ∪ {[{x0} ∪ S]|S ⊆ X#S ≤ r}

(e) Verify that for any r ≤ n and F ⊆ X with #F = r the simplex [F ] is a free face of K(r). What is
the unique simplex properly containing it?

(f) Prove that K(n) = ⟨{x0} ∪ [X]⟩ and K(1) = {∅, [x0]}.
(g) Show that K(r) collapses to K(r − 1) in

(
n
r

)
steps.

11. Cone. For any simplicial complex K in Rn and p ∈ Rn define the cone of K to the set Cp(X) =
K ∪ {[{p} ∪ S]|[S] ∈ K}.

(a) Give an example of a simplicial complex K in Rn and p ∈ Rn such that Cp(K) is NOT a simplicial
complex.

(b) Prove that if |K| is contained in some affine hyperplane H ⊆ Rn and p /∈ H then Cp(K) is a simplicial
complex in Rn.

(c) Assuming Cp(K) is a simplicial complex, is it simple homotopy equivalent to K? Prove or give a
counter example.

(d) Prove that as long as p /∈ K1 the corresponding abstract simplicial complex satisfies (Cp(K))k =
Kk +Kk−1.
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12. Prove that if K is a simplicial complex in Rn with free face f contained only in F then L = K \ {f, F} is
a simplicial complex in Rn too.

13. Prove that in a simplicial surface any 0 simplex is the face of at least three 1-simplices.

14. Explicitly write down a geometric realisation for the following abstract simplicial complex:

A = {∅, {a}, {b}, {c}, {d}, {e}, {a, b}, {a, c}, {a, d}, {a, e}, {b, c}, {b, d}, {b, e}, {c, d}, {c, e}, {d, e}}

15. Compute κ(p) for all vertices of the regular octahedron and icosahedron viewed as simplicial surfaces.
Compute the Euler characteristic of these surfaces and verify that this agrees with the simplicial Gauss-
Bonnet theorem.

16. For any k ≥ 3 find a geometric realisation in R3 of the following abstract simplicial complex:

⟨{{O, ai, ai+1}|i ∈ {1, . . . k}}⟩

where ak+1 = a1 and each of the 2-simplices is an equilateral triangle with side length 1.

17. Prove that in a simplical surface every 0-simplex must be the face of at least three 1-simplices.

1.3 Euclidean isometries

In this final section on Euclidean geometry we examine its symmetries or rigid motions. Since we consider our
geometric configurations equivalent when they are related by a rigid motion (isometry) we should study these
transformations well. They can tell us a lot about the geometry. By a rigid motion we mean a motion that
does not distort relative distances between points. We will also pay some attention to how complex numbers
and quaternions can be employed to simplify the two and three-dimensional isometries.

Figure 1.13: The cat picture in the middle is rotated, translated and reflected. The center of rotation and
the mirror of reflection are indicated.

Definition 1.19. A Euclidean isometry is a bijection φ : Rn → Rn that preserves Euclidean distance:
∀x, y ∈ Rn : |x− y| = |φ(x)− φ(y)|. The set of all isometries is called the Euclidean group, notation E(n).
The orthogonal group is the subset O(n) = {φ ∈ E(n) : φ(0) = 0}.

The main examples of Euclidean isometries are:

Definition 1.20. (Translation, reflection, rotation)

1. The translation Tv ∈ E(n) by vector v ∈ Rn is defined by Tv(p) = p+ v.

2. The (affine) reflection RM ∈ E(n) in affine hyperplane M (called the mirror) is defined by the property

that the point on M closest to p is the the midpoint p+RM(p)
2 , see Figure 1.14.

3. An (affine) rotation is the composition of two affine reflections whose mirrors have non-empty intersection.

The terms ‘affine’ in front of rotation and reflection are meant to emphasize the origin may not be fixed.
Geometrically the origin plays no special role so it is better to think of affine rotations and reflections as defined
above. In what follows the word affine will often be dropped. Also, in practice it is often convenient to work
with the corresponding elements in O(n) that do fix the origin as we will see that they are linear maps.



1.3. EUCLIDEAN ISOMETRIES 23

It is left as an exercise to the reader to verify that translations, reflections and rotations are indeed isometries.
In dimension two we can give useful and concrete formulas for the isometries using the complex numbers.

As usual we identify the Euclidean plane R2 with C by sending e1 to 1 and e2 to i. Rotations and reflections
fixing the origin then take a nice form: A rotation is a map z 7→ eiθz and a reflection is z 7→ z̄ and a translation
is z 7→ z + b. We will see later that a general element of E(2) is of the form z 7→ eiθz + b or z 7→ eiθ z̄ + b for
some θ ∈ (−π, π) and b ∈ C.

In terms of a normal vector to the direction of the mirror we can give a more explicit formula for reflections
that will be very useful in what follows, see also Figure 1.14.

p

R(p)

s

π

u

M

Figure 1.14: Projection and reflection in affine hyperplane M orthogonal to u.

Lemma 1.21. (Reflection and projection formula)
Imagine an affine hyperplane M = m+ u⊥ with |u| = 1.

1. The point on M closest to p is
πM(p) = p− ⟨p−m,u⟩u (1.4)

2. The reflection RM satisfies
RM(p) = p− 2⟨p−m,u⟩u (1.5)

Proof. For part 1) we will use the shorthand π = πM(p) and notice π ∈ M because ⟨π −m,u⟩ = 0. Now take
any other point s ∈ M so π − s ∈ u⊥. Since p − π is a multiple of u, the vector p − π is orthogonal to π − s.
By Pythagoras’ theorem we find

|p− s|2 = |p− π + π − s|2 = |p− π|2 + |π − s|2

This shows that the distance between p and s is indeed least when s = π as promised.

According to Definition 1.20 we must have πM(p) = RM(p)+p
2 so RM(p) = 2πM(p)−p proves the lemma.

We now proceed to investigate the Euclidean group starting with the assertion that the elements of O(n)
are orthogonal linear maps. They preserve not just the distance but also linearity and the inner product.
Notice that we never required Euclidean isometries to be linear maps! Can you think of a non-linear Euclidean
isometry?

Lemma 1.22. (Orthogonal transformations)
The elements of O(n) are linear maps that satisfy ⟨φ(v), φ(w)⟩ = ⟨v, w⟩ for all v, w ∈ Rn.

Proof. If ψ ∈ O(n) then ⟨ψ(x), ψ(y)⟩ = |ψ(x)|2+|ψ(y)|2−|ψ(x)−ψ(y)|2
2 = |x|2+|y|2−|x−y|2

2 because ψ preserves dis-
tances and ψ(0) = 0. So we just need to show ψ is a linear map. Since the standard basis is orthonormal, so
is the basis f1, . . . fn defined by fi = ψ(ei). Recall that any vector can be written uniquely as v =

∑
i⟨v, ei⟩ei

and ψ(v) =
∑
i⟨ψ(v), fi⟩fi =

∑
i⟨ψ(v), ψ(ei)⟩fi =

∑
i⟨v, ei⟩fi So for any a ∈ R and v, w ∈ Rn we find linearity:

ψ(av + w) =
∑
i

⟨av + w, ei⟩fi =
∑
i

a⟨v, ei⟩fi + ⟨w, ei⟩fi = aψ(v) + ψ(w)

Now that we understand something about the isometries that fix the origin we can reduce all other isometries
to O(n) using translations Tv. Indeed if a map does not fix the origin we can compose with two translations
to get a map that does fix the origin. This way we find that E(n) consists of combinations of translations and
orthogonal maps. But how do these two types of maps interact?
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Theorem 1.23. (The structure of E(n))

1. Any Euclidean isometry F can be written uniquely as F = Tv ◦ φ for some v ∈ Rn and φ ∈ O(n).

2. For φ,ψ ∈ O(n) and v, w ∈ Rn we have

Tv ◦ φ ◦ Tw ◦ ψ = Tv+φ(w) ◦ φ ◦ ψ

Proof. To see existence we write F = TF (0) ◦ T−F (0) ◦ F . Since φ = T−F (0) ◦ F sends 0 to 0 it is in O(n).
To see uniqueness suppose F = Tv ◦ φ = Tv′ ◦ φ′. Composing with T−v′ from the left and with φ−1 from

the right we get Tv−v′ = φ′ ◦ φ−1 ∈ O(n). This forces v − v′ because the identity is the only translation that
fixes the origin as any element of O(n) should. In turn this also implies φ = φ′.

The second part follows from (φ ◦Tw ◦φ−1)(x) = φ(w+φ−1(x)) = φ(w)+x = Tφ(w)(x), using the fact that
φ is a linear map. To finish the argument we write:

Tv ◦ φ ◦ Tw ◦ ψ = Tv ◦ φ ◦ Tw ◦ φ−1 ◦ φ ◦ ψ = Tv+φ(w) ◦ φ ◦ ψ

To finish our general discussion we take a closer look at the simplest building blocks of O(n), the reflections.
According to the next theorem any Euclidean isometry that fixes the origin is the composition of a few reflections.

Theorem 1.24. (Linear reflections generate O(n))
If for L ∈ O(n) there exists a linear subspace U ⊆ V of codimension c such that ∀u ∈ U : L(u) = u, then L is
the composition of at most c linear reflections in O(n).

Proof. We argue by induction on the codimension c. When c = 0 we must have L = idRn . For the induction
step, suppose L fixes a codimension c subspace U and Lv = w ̸= v. Reflection in the mirror M through 0
equidistant to v and w is a linear map RM . Moreover RM ◦ L fixes the codimension c − 1 subspace spanned
by v and U . This is because v − w is orthogonal to U (why?) so by the induction hypothesis the proof is
complete.

Reflections reverse orientations but rotations do not. For later use we record a general definition of what it
means to be orientation preserving for any Euclidean isometry.

Definition 1.25. (Orientation preserving/reversing isometries)
Define SO(n) = {φ ∈ O(n)|detφ = 1}. An isometry F ∈ E(n) is called orientation preserving if F = T ◦φ
with φ ∈ SO(n). All other elements of E(n) are said to be orientation reversing.

Recall that the quaternions are the following generalization of the complex numbers.

Definition 1.26. (Quaternions)
The quaternions H are defined as a 4-dimensional vector space with basis 1, i, j, k and bilinear, associative
product multiplication determined by ∀a ∈ H : a1 = 1a = a and Hamilton’s relations

i2 = j2 = k2 = −1 ij = k jk = i ki = j

If q = w+ xi + yj + zk ∈ H the conjugate is q̄ = w− xi− yj− zk. The imaginary part of q is xi + yj + zk and
the real part is w. A quaternion with real part zero is called imaginary. The norm is defined as |q|2 = qq̄ =
w2 + x2 + y2 + z2 ≥ 0. The set of unit quaternions is U = {q ∈ H : |q| = 1}.

Perhaps the first surprising fact about quaternions is that like in the complex numbers, the norm is multi-
plicative (exercise!):

|pq| = |p||q| ∀p, q ∈ H

Calculus books still use i, j, k to denote the standard basis vectors in R3 and this originated from Hamilton’s
work. Much like we identify the real plane R2 with the complex numbers C by sending (x, y) ∈ R2 to x+iy ∈ C
we will identify R3 with the imaginary quaternions. This means we view v = (x, y, z) ∈ R3 as the imaginary
quaternion qv = xi+yj+zk ∈ H. This way the algebra of quaternions can be used to describe three-dimensional
phenomena. For example reflections:

Lemma 1.27. (3D Reflections through quaternions)
Define qv = v1i + v2j + v3k. For any unit vector u ∈ R3 we have

quqvqu = qR
u⊥ (v)
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Proof. A direct computation that the reader is invited to verify is

qvqu = −v · u+ qv×u

This means that vectors v ⊥ u if and only if qvqu + quqv = 0 because q̄v = −qv.
Now assume u is a unit vector so that quq̄u = 1. Then q2u = −1 and v ⊥ u if and only if qv = quqvqu. Notice

that the left hand side is again a purely imaginary quaternion.
Define su : R3 → R3 by quqvqu = qsu(v). We claim that su = Ru⊥ . Indeed su fixes vectors in the plane u⊥

by the above discussion and qsu(u) = q3u = −qu = q−u since q2u = −1. This finishes the proof.

Turning our attention to three-dimensional rotations we get an appealing parametrization in terms of unit
quaternions. The key here is that any rotation is the composition of two reflections so we can use the above
formula.

Theorem 1.28. (3D Rotations through quaternions)
For any element f ∈ SO(3) there exist precisely two ±sf ∈ U such that

qf(v) = sfqv s̄f ∀v ∈ R3 (1.6)

Moreover for f, g ∈ SO(3) we have sf◦g = ±sfsg

Proof. Imagine an f ∈ SO(3). By Theorem 1.24 f is the composition of two reflections. This means there exist
unit vectors u, t ∈ R3 such that f(v) = Ru⊥(Rt⊥(v)). Using Lemma 1.27 twice we thus have

qf (v) = quqR
t⊥ (v)qu = quqtqvqtqu

Recall that q2u = −1 = q2t because u, t are unit vectors so qtqu = (quqt)
−1. Also notice that sf = quqt is also a

unit quaternion because the norm is multiplicative. We thus verified Equation (1.6). Also note that the same
formula works if we take −sf instead of sf .

Next take any other g ∈ SO(3) and write it as the product of two reflections in the same way so that
sg = qaqb for some unit vectors a, b ∈ R3 orthogonal to the mirrors of the reflections. Then for all v ∈ R3:

sf◦gqv s̄f◦g = qf(g(v)) = sfqg(v)s̄f = sfsgqv s̄g s̄f = sfsgqvsfsg

To finish the proof we use the lemma below. This lemma also shows that up to sign sf is the unique unit
quaternion satisfying Equation (1.6). Indeed, if we had another w ∈ U then p = sf w̄ would satisfy pqvp̄ = ±qv
for all v ∈ R3.

Lemma 1.29. If for p ∈ U we have pqvp̄ = ±qv then p = ±1.

Proof. Now assume p = a+ib+jc+kd and compute the coefficient of i in pip̄. The coefficient is a2+b2−c2−d2 =
1− 2(c2 + d2) so c2 + d2 = 0. It follows that c = d = 0. In the same way taking the coefficient of j in pjp̄ shows
b = 0 finishing the proof.

The elements of U corresponding to the symmetries of the regular tetrahedron are precisely the 24 elements

BT = {±1,±i,±j,±k,
±1± i± j± k

2
}

Interestingly these 24 points are the vertices for the so-called 24-cell a remarkable Platonic solid one dimension
higher than the tetrahedron itself. More specifically we mean [BT ] is a convex polyhedron.

In the same way the symmetries of the dodecahedron make the 120 vertices of the 120-cell. Another
remarkable higher dimensional Platonic solid with dodecahedral faces that can only exist in R4 and does not
seem to have higher-dimensional analoga.

Exercises

1. Prove that for any v ∈ Rn the map Tv : Rn → Rn is a Euclidean isometry. Is Tv a linear map?

2. Prove that for any M = m+ u⊥ the reflection RM is a Euclidean isometry. Hint: Pythagoras.

3. Show that O(1) has two elements. Can you describe E(1)?

4. Describe the composition of two affine reflections when the mirrors involved are parallel.

5. Explain where and how the proof of Lemma 1.22 depends on the assumption ψ(0) = 0.
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6. Give an alternative proof of Lemma 1.22 by showing that the derivative of ψ ∈ O(n) at x is ψ.

7. Any Euclidean isometry of Rn is the composition of at most n+ 1 affine reflections.

8. L ∈ SO(3) has determinant 1 and is the composition of two reflections. When the reflection planes do not
coincide there is 1-dimensional eigenspace of eigenvalue 1. The other two eigenvalues must be inverses and
also complex conjugates because the characteristic polynomial has real coefficients. Therefore the other
two eigenvalues must be e±iθ.

9. Write a formula for orientation preserving elements of E(3) in terms of quaternions. Prove that qv+ qw =
qTv(w).

10. Write down the unit quaternions corresponding to all rotational symmetries of the regular cube [±1,±1,±1].

11. Prove that U is in bijection with the unit sphere in R4.

12. Show that the affine hyperplane M equidistant to points v, w ∈ Rn is the set {x ∈ Rn : ⟨x, v − w⟩ =
⟨ v+w2 , v − w⟩}. In the special case |v| = |w| prove that M is a linear subspace.

13. For any σ ∈ V ∗ and s ∈ kerσ define the shear map Ss,σ : V → V by Ss,σ(v) = v + sσ(v).

(a) Is the shear map a linear map?

(b) Why do we ask s to be in the kernel of σ? What does this mean for the shear map?

(c) When V = Rn, for what choice of s, σ is Ss,σ a Euclidean isometry?

(d) Show that if the composition of Ss,σ and St,τ is again a shear then s ∈ ker τ and t ∈ kerσ. Is the
converse true too?

(e) Compute the determinant of a shear map.

(f) Find a way to write any linear map with determinant 1 as a composition of finitely many shear maps.
How many will do?

14. Prove that for any quaternions the norm of the product is the product of the norms and that for u, v ∈ R3:

qvqu = −v · u+ qv×u and q̄v = −qv = q−v

15. Consider the quaternions a = i+j√
2
, b = j−k√

2
and c = i.

(a) Define J : R3 → R3 by qJ(x) = abcqxcba. Find J(e1), J(e2) and J(e3).

(b) Is J a Euclidean isometry?

(c) Write J as a composition of reflections in O(3).

(d) Is J a rotation?



Chapter 2

Projective geometry

In this chapter we seek to answer the question: How is a parabola the same as a circle with one point
at infinity?

Projective geometry originated in the Renaissance when artists tried to come up with a theory of perspective
drawing. Drawing a scene in perspective means representing every ray of light coming from an object by a single
point on your canvas. This led mathematicians to come up with an abstract space called projective space whose
points are actually rays of light. Thinking in terms of the light rays has a great advantage in dealing with
objects at infinity.

To set the stage for projective geometry consider standing in R3 with your head at the origin and your
feet on the ground plane G = {(x, y,−1)|x, y ∈ R} as shown in Figure 2.1. Suppose you want to draw the
things you see precisely as they appear on screen S = {(x, 1, z)|x, z ∈ R}. To do this precisely we define
f : R3 − {(x, y, z) ∈ R3|y = 0} → S by f(x, y, z) = (xy , 1,

z
y ). The idea behind f is to send the point

p = (x, y, z) ∈ R3 to the unique point on the intersection of S with the line connecting p to our eye at the origin.
Since the points where y = 0 give rise to lines parallel to S the map f is not defined for those points.

Figure 2.1: Perspective drawing on the screen S. Light-rays shown in yellow.

Notice the horizon that appears on the screen S. None of the rays hitting the ground intersect S at this
horizon. Instead it is precisely where the rays parallel to the ground hit the screen. As you can see, any pair of
parallel lines on G will appear on the screen as a pair of lines that intersects at the horizon. For example if the
pair of lines is L1 = {(1, t,−1)|t > 0} and L2 = {(2, t,−1)|t > 0} then applying f shows what they look like
on the screen. We get f(Li) = {( it , 1,

−1
t )|t > 0}. These are lines if parametrized in an odd way because they

satisfy the equations −iz = x and y = 1. The intersection point occurs at (0, 1, 0), a point on the horizon. In
the given parametrization this point is the limit as t→ ∞ as expected from a point ‘at infinity’.

In projective geometry we can deal with more than just straight lines and planes. The Greeks already
studied the properties of conic sections to unify the parabola, hyperbola and ellipse into one concept. Loosely
one could say that when viewed in the right perspective, all these curves are equal to a circle. In Figure 2.2 we
see concretely how this goes in the case of the parabola.

Placing the parabola on the ground G as the blue curve P = {(x, x2 + 1,−1)|x ∈ R}. Applying the map f
to P we find the curve f(P ) = {( x

x2+1 , 1,
−1
x2+1 )|x ∈ R} ⊆ S. This set f(P ) really does trace out a circle with

radius 1
2 and center (0,− 1

2 ) on S because ( x
x2+1 )

2 + ( −1
x2+1 + 1

2 )
2 = 1

4 .

27
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Figure 2.2: A parabola (blue) in perspective becomes a circle (red) on the screen.

Exercises

1. The horizon is H = {(x, 1, z) ∈ S|z = 0} where S is the screen onto which we project our scene as
described in the text above.

(a) For any point h ∈ H find a parametrized line L ⊆ G such that the set f(L) gets arbitrarily close to
h.

(b) Prove that any line in G parallel to the line L found in the previous part has the same property.

(c) Prove that f(L) is contained in an affine subspace of S containing also h.

2. Recall that the equation for an ellipse is a2(x− u)2 + b2(z − v)2 = 1.

(a) Consider the circle C = {(x, y,−1) ∈ R3|(x− 4)2 + (y − 4)2 = 1} on the ground. Write down f(C).

(b) Prove that f(C) is contained in an ellipse drawn on S. In other words f(C) ⊆ {(x, 1, z) ∈ S|a2(x−
u)2 + b2(z − v)2 = 1} for some a, b, u, v ∈ R.

2.1 Projective geometry

Instead of intersecting the rays of light with a screen we study the rays themselves. That way rays going off to
a point at infinity will be treated just like rays hitting an actual point. But what kind of geometric rules do the
rays obey? We start with a definition where the idea of a ray of light is made precise as a 1-dimensional linear
subspace of some vector space.

Definition 2.1. (Projective space)
For any vector space V define P (V ) = {v|0 ̸= v ∈ V } and the dimension of P (V ) is dim(V )− 1. Also define
Pn = P (Rn+1).

For example P0 = P (R) consists of a single point as there is only one linear subspace of dimension 1
inside R. Next P1 = P (R2) is known as the projective line. Each point of P1 = P (R2) corresponds to a line
{(x, y) : y = ax} through the origin and then there is also the vertical line {(x, y) : x = 0}. We could also say

P1 = P (R2) = {(1, a)|a ∈ R} ∪ {(0, 1)} ∼= R ∪ {∞}

In the final equality we use the bijection sending (1, a) to a and gave the final ray the suggestive if vague name
∞. Similar to completing the reals by a single point at infinity we have the Riemann sphere of complex analysis
C ∪ {∞}. The Riemann sphere can be interpreted as P1 except that we allow our vector spaces and scalars to
be complex.

Occasionally it will be useful to introduce coordinates in P (V ) using a basis of V . These are known as
homogeneous coordinates.

Definition 2.2. (Homogeneous coordinates)
We say v ∈ P (V ) has homogeneous coordinates [h1 : h2 : · · · : hn] with respect to the basis b1 . . . bn of V if
v =

∑n
i=1 h

ibi.

Any point p ∈ P (V ) has homogeneous coordinates with respect to a basis of V but they are only unique up
to multiplication by a scalar. For example using the standard basis of R3 the homogeneous coordinates [1 : 2 : 3]
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and [−3 : −6 : −9] describe the same point p = e1 + 2e2 + 3e3 ∈ P (R3) in the projective plane. As another
example, again using the standard basis, in the projective line P (R2) there are two types of points: those with
coordinates [x : 1] and the special infinity point with coordinate [1 : 0]. Of course the choice of which point to
call special depends on the chosen basis. For example if we choose the basis b1 = e1 + e2 and b2 = e1 − e2 in R2

then the ‘special’ point [1 : 0] corresponds to the line through vector b1 = e1 + e2.

Definition 2.3. (Projective subspace)
For any S ⊆ V define P (S) = {s|0 ̸= s ∈ S}. If S is a linear subspace we say that P (S) is a projective subspace
of P (V ). The 0, 1, and 2-dimensional cases are referred to as projective points, lines and planes (also known
as: ppoints, plines, pplanes).

In this definition it is essential to regard a linear subspace U ⊆ V as a vector space in its own right. That
means we really should not assume that all our vector spaces are just copies of Rn. Even if V = R3 then we
could have U = {(x, y, z)|x+ y + z = 0} and it is inconvenient and imprecise to say that U = R2. Of course U
is two-dimensional but identifying it with R2 imposes a particular choice of basis on U that makes everything
more complicated. In our example P (U) is a projective line (pline) sitting inside the projective plane P (R3).

V

A

0

U

L

Figure 2.3: An affine hyperplane A ⊆ V intersecting a two-dimensional linear subspace U ⊆ V in an affine
line L. Notice how U is the union of the yellow rays through the origin and each except one hits a unique
point on L.

It helps to view projective subspaces on an affine slice of projective space. For example a projective line is
P (U) with U ⊆ V a two-dimensional linear subspace. We call it a projective line because the intersection of
L = U ∩ A with an affine hyperplane A is generally an affine line. P (U) is supposed to be the set of rays that
connect the points of said affine line to the origin. U is the two-dimensional linear subspace spanned by all
those rays through the origin. See Figure 2.3.

Lemma 2.4. (Affine slice)
If H = w +H is an affine hyperplane that does not contain the origin of V then there is a bijection fH : H →
P (V )\P (H) given by fH(x) = x. The inverse map is defined by sending v to the single point in the intersection
v ∩H. Writing v = λw + h this point is f−1

H = λ−1v.

Proof. If fH(x) = x ⊆ P (H) for some x ∈ H then both x and x − w are in H. This implies −w,w ∈ H and
hence H contains the origin. Furthermore for x ∈ H we have f−1

H (fH(x)) = x because because the intersection
x ∩ H contains at most one point and x is certainly in it. Conversely fH(f−1

H (v̄)) = v because if {x} = v ∩ H
then x = v. The intersection cannot be empty because w ∪H = V so v = λw + h for some h ∈ H. Also, λ ̸= 0
because otherwise v = h ∈ H meaning v̄ ∈ P (H). The point λ−1v = w + λ−1h is clearly in w +H = H.

For example, if we want to find an affine slice of the projective line we can choose V = R2 since P1 = P (R2).
To be concrete pick the affine subspace H = e2 + ker ε2 = {(x, 1)|x ∈ R} whose direction is H = ker ε2 and
w = e2. In this case the elements of P (V ) − P (H) are precisely those with homogeneous coordinates [x : 1]
(w.r.t. the standard basis). Of course there was nothing special about the chosen H, any other affine hyperplane
would do just as well.

Lemma 2.5. (Two ppoints determine a pline)

1. For two distinct ppoints A,B ∈ P (V ) there is a unique pline called AB containing both. It is given by
AB = P (A+B), where A+B = {a+ b|a ∈ A, b ∈ B}.
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2. When dimV = 3 two plines in the pplane P (V ) either coincide or intersect in a unique ppoint.

Proof. In part 1) say A = a and B = b. Then A + B has dimension two because otherwise a and b would be
multiples and A and B would not be distinct. As A+B is two-dimensional P (A+B) is a projective line (pline).
Also A ⊆ A+B ⊃ B implies A ∈ P (A+B) ∋ B. Finally suppose P (U) is some other pline containing both A
and B, then U ⊃ A+B and since both subspaces have dimension 2 we have U = A+B.

For part 2) The two plines correspond to two planes U and W in the three-dimensional space V . As such
they can either coincide or have a one-dimensional intersection, see Lemma 0.3. In the first case we have
P (U) = P (W ) and in the latter case we find a ppoint U ∩W ∈ P (U ∩W ) = P (U) ∩ P (W ).

For studying geometry it is important to consider not just the objects but also the geometric transformations
between them. In this case these are known as projective transformations. Projective transformations will send
lines to lines but shapes and sizes may be distorted.

Definition 2.6. (Projective transformation)
To any injective linear map L : V →W we associate a map P (L) : P (V ) → P (W ) defined by P (L)(v) = L(v),
called the associated projective transformation.

The associated projective transformation just expresses how the linear map sends lines through the origin
to other lines through the origin. For example if V = W = R2 and L permutes the standard basis elements
L(e1) = e2 and L(e2) = e1 then P (L)[a : b] = [b : a] if we use homogeneous coordinates with respect to the
standard basis.

The assumption of injectivity in Definition 2.6 is to make sure L does not map some line to 0. Two linear
transformations may yield the same projective transformation. For example P (17 idV ) = idP (V ) = P (idV ).

It is instructive to see how projective transformations look on an affine slice. In the case of the projective
line such functions have already appeared under the name ‘linear fractional transformations’ or Mobius trans-
formations in the context of complex analysis. Here we will produce the same formulas but only using real
numbers.

Let us investigate the most general projective transformation P (L) : P1 → P1. Since P1 = P (R2) this is
given by an injective linear transformation L : R2 → R2. Suppose on the standard basis we get Le1 = ae1 + ce2
and Le2 = be1 + de2. Most of P1 is covered by the affine slice {[x : 1]|x ∈ R} which we identify with R using
the bijection α : R → P1 such that α(x) = [x : 1]. By viewing P (L) on this affine slice we are looking at the
map P (L) composed with α and its inverse so that it becomes a real valued function. To accomplish this we
should use M = α−1 ◦ P (L) ◦ α.

As promised the formula for M is a familiar one:

P (L)(α(x)) = P (L)([x : 1]) = P (L)(xe1 + e2) = xLe1 + Le2 = x(ae1 + ce2) + be1 + de2 = [ax+ b : cx+ d]

Provided that cx+ d ̸= 0 we may rewrite this as [ax+ b : cx+ d] = [ax+bcx+d : 1] and apply α−1 to find

M(x) =
ax+ b

cx+ d

Projective geometry deals with those properties of P (V ) that are unchanged under projective transforma-
tions. Just like choosing a basis or choosing an orientation we can can use a projective transformation to bring
our configurations into a convenient form. For example one may wonder how many points in the projective line
can be moved to some desired location by a projective transformation. Since a projective line comes from taking
dimV = n = 2 we see that we may send any pair of distinct ppoints v and w to any other distinct ppoints,
just by finding a linear map L such that L(v) and L(w) are as desired. This motivates the definition of general
position:

Definition 2.7. (Projective general position)
If n = dimV then n + 1 points of P (V ) are in general position if ignoring any one of the points we are left
with b1, b2, . . . bn for some basis b1, . . . bn of V .

For example when V = R2 the triples of points {e1, e2, e1 + e2} and {e1 − e2, e1 + 2e2, e1 − 2e2} are both in
general position in P1 = P (R2).

We will see that any set of points in general position can be mapped onto any other such set by means of a
projective transformation. This should not be too surprising if you remember that for any two bases of V there
is a unique linear map mapping one onto the other.

Lemma 2.8. (Projective general position lemma)
If p1, . . . pn+1 are in general position in P (V ) and q1, . . . qn+1 are in general position in P (W ) then there exists
a unique projective transformation P (L) such that P (L)pi = qi for all i ≤ n+ 1.
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Proof. By assumption there are bases b1, . . . bn and c1, . . . , cn of V and W such that pi = bi and qi = ci for all
i ≤ n. Furthermore we may assume that pn+1 = (

∑n
i=1 bi) and qn+1 = (

∑n
i=1 ci) (Exercise!). It follows that

the unique linear transformation L ∈ Hom(V,W ) defined by L(bi) = ci for i ≤ n will also map the sum of the
bi to the sum of the qi so that the associated projective transformation P (L) will be as claimed.

As an illustration of the proof take n = 2 and the two triples of points in general position mentioned
below Definition 2.7. Calling the first triple p1, p2, p3 and the second triple q1, q2, q3 we might take bases
b1 = e1, b2 = e2 and d1 = e1 − e2 and d2 = e1 + 2e2. The first basis is good in the sense that b1 + b2 = p3.
However it is not the case that d1 + d2 = q3 = e1 − 2e2. In fact e1 − 2e2 = 4

3d1 −
1
3d2 so a better choice of basis

is c1 = 4
3d1 and c2 = − 1

3d2. That way we do get so that c1 + c2 = q3. The projective transformation sending
pi to qi is then P (L) where Lb1 = c1 and Lb2 = c2. With respect to the standard bases the matrix for L is(

4
3 − 1

3
− 4

3 − 2
3

)
Three points on a projective line can be mapped to any other three points but what about four points? We

say two quadruple of distinct points (p1, p2, p3, p4) and (q1, q2, q3, q4) have the same cross-ratio if there exists
a projective transformation T such that T (pi) = qi for all i. Using homogeneous coordinates we can describe
the cross ratio of a quadruple of points by the number c such that if we find T such that T (p1) = [0 : 1],
T (p2) = [1 : 1] and T (p3) = [1 : 0] then T (p4) = [c : 1].

We end this section with a famous theorem about lines in any projective space named after Girard Desargues
(1591-1661).

Figure 2.4: Desargues theorem.

Theorem 2.9. (Desargues)
Imagine six distinct points Ai, Bi ∈ P (V ) where i ∈ {0, 1, 2} such that the three projective lines AiBi are distinct
and meet in X ∈ P (V ). Then the three points of intersection Cij = AiAj ∩BiBj where i ̸= j ∈ {0, 1, 2} are on
the same line.

Proof. We can find vectors x, ai, bi ∈ V such thatX = x,Ai = ai, Bi = bi such that x = ai+bi for all i ∈ {0, 1, 2}
(why?). For any fixed i ̸= j the projective lines AiAj and BiBj cannot coincide because then the lines AiBi
and AjBj would also coincide. Moreover since aj + bj = x = ai + bi we have ai − aj = bi − bj = AiAj ∩BiBj .
Finally, a0 − a1 + a1 − a2 + a2 − a0 = 0 so the three points ai − aj must be on a common projective line

(exercise!).

Exercises

1. Generalizing the Lemma 2.5 and its proof, show that the following is true:

(a) For projective subspaces P (U), P (W ) the subspace P (U +W ) is the unique projective subspace of
P (V ) of least dimension containing both.

(b) For projective subspaces P (U), P (W ) the intersection P (U) ∩ P (W ) = P (U ∩W ) is a projective
subspace with dimension

dim(P (U) ∩ P (W )) = dim(P (U)) + dim(P (W ))− dim(P (U +W ))
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2. In this exercise homogeneous coordinates are taken with respect to the standard basis of Rn.

(a) Describe the projective line (pline) passing through the points [0 : 1 : 1 : 1] and [1 : 0 : 0 : 1] in P3.
You should get something of the form P (U) for some linear subspace U ⊆ R4.

(b) Does the pline you found in the previous part line intersect the projective plane P (ker ε4) in P3?
Recall εi : R4 → R sends a vector to its i-th coordinate, w.r.t. the standard basis.

3. Introduce the hyperplanes Hi = ei + ker(εi) in Rn+1.

(a) Prove that the Hi do not contain the origin.

(b) Give a bijection βi : Rn → Hi.

(c) Assuming n ≥ 3 from now on, find two 1-dimensional affine subspaces L,M ⊆ Rn that are disjoint
and such that their directions L and M are not equal.

(d) Prove that L̃ = βi(L) and M̃ = βi(M) are affine lines in Hi and that their directions L̃ and M̃ are
in H are not equal.

(e) Explain why P (L̃) ∪ P (L̃) is a projective line and so is P (M̃) ∪ P (M̃).

(f) Do the projective lines from the previous part meet?

(g) Construct a concrete example of the previous parts taking n = 3 and L = e1 + e2 and M = e3 and

i = 4. What do P (L̃) and P (M̃) look like in homogeneous coordinates with respect to the standard
basis?

4. Imagine an affine hyperplane H = w + H in V not containing the origin and a k-dimensional linear
subspace U ⊆ V .

(a) If U ⊆ H, what is U ∩H?

(b) If U is not contained in H then prove that dimH ∩ U = dimU − 1.

(c) Prove that f−1
H (P (U)∩fH(H)) is an affine linear subspace of V contained inH. What is its dimension?

(See Lemma 2.4 for the definition of fH).

(d) Give an example of the previous constructions where V = R3 and V = R4.

5. Suppose L : V →W is a linear map with kerL = {0}.

(a) If U ⊆ V is a u-dimensional linear subspace, prove that L(U) is a u-dimensional subspace of W .

(b) Prove that P (L)(P (U)) is a u− 1 dimensional projective subspace of P (W ).

(c) If V =W = R3 and L(v) = −v for all v ∈ V , show that P (L) = idP (V ).

(d) If V = W = R2 and L(e1) = −e1 and L(e1 + e2) = e2, figure out what the line through [1 : 1] and
[−1 : 1] goes to under the projective transformation P (L).

6. Suppose dimV = 3. In this exercise we aim to prove the following theorem of Pappus. Imagine
A0, A1, A2 ∈ P (V ) are three ppoints on a pline in P (V ) and B0, B1, B2 ∈ P (V ) are three more ppoints
on another pline in P (V ). The three intersection points Cij = AiBj ∩ AjBi, where i ̸= j ∈ {0, 1, 2} are
on a pline.

(a) Explain why the two plines containing Ai and Bj must meet in a ppoint X ∈ P (V )

(b) Prove Pappus theorem in the special case where A0, A1, B1, B2 are NOT in projective general position.

(c) Assuming A0, A1, B1, B2 are in projective general position, prove that it suffices to prove Pappus
theorem in the special case where A0 = [1 : 0 : 0], A1 = [0 : 1 : 0], B1 = [1 : 1 : 1] and B2 = [0 : 0 : 1],
taking Homogeneous coordinates with respect to a chosen basis e1, e2, e3 of V .

(d) Compute the homogeneous coordinates of the intersection points C12, C01, C02 explicitly under the
assumption of the previous part.

(e) Verify that the Cij found in the previous part are indeed on a pline by picking vectors v0, v1,∈ V
such that C02 = v0 and C01 = v1 and C12 = v0 + v1.

(f) Give a counter example to Pappus when dimV = 4.

7. Prove that if A0, A1, A2 ∈ P (V ) are such that Ai = ai for some ai ∈ V \ {0} then a0 + a1 + a2 = 0 implies
that A0, A1, A2 are contained in a single pline in P (V ).

8. Prove that A,B,C,D ∈ P2 are in projective general position if and only if no three points are contained
in a single pline.
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9. Suppose the vectors b1, b2, b3 form a basis for V . Find the projective transformation sending the triple of
points b1, b1 + b2, b1 + b2 + b3 ∈ P (V ) to the triple of points b2, b3 − b1, b1.

10. Consider the linear map L : R3 → R3 given by L(ei) = ei+1, where e4 = e1. Identify the affine slice
{[x : y : 1]|x, y ∈ R} with R2 and write down a formula for P (L) as it appears as a rational function on
R2 to R2 (with some poles) using the above identification.

2.2 Algebraic hypersurfaces

Projective geometry is often used in algebraic geometry to tame the erratic behaviour of the solutions to algebraic
equations. To give a sense of how and why this works we focus on the special case of algebraic hypersurfaces.
These are set of points satisfying a single polynomial equation.

Figure 2.5: Some hypersurfaces in R3. From left to right: The hypersurface defined by x2 +y2 +z2 − (x2 +
y2)(y2+z2)(z2+x2) = 0, by −x3+y3−2z2+1 = 0, by −x3y3−2z2+1 = 0 and by −xyz3−2z2+xy = 0.
The origin and axes are draw as a small ball with (x,y,z) = (red, green blue)

Definition 2.10. (Affine and projective algebraic hypersurface)
Suppose f is a polynomial in n variables with real coefficients.

1. The affine algebraic hypersurface in Rn corresponding to f is

X(f) = f−1({0}) ⊆ Rn

2. If f is homogeneous in the sense that f(tx) = tdf(x) then the corresponding projective algebraic hypersur-
face in Pn−1 is P (X(f)) = {x ∈ Pn−1|f(x) = 0}.

The most basic examples of affine algebraic hypersurfaces in Rn are the affine hyperplanes. Indeed, choosing
any normal vector u we can write our hyperplane as H = p + u⊥ = X(f), where f(x) = ⟨x − p, u⟩. Likewise
the projective hyperplanes are simple examples of projective hypersurfaces.

When the degree of the defining polynomial is two we say the corresponding hypersurface is a quadric or a
conic when the dimension is two as well. For example the case f(x) = |x− c|2 − r2 corresponds to the sphere
Sc,r of radius r and center c ∈ Rn. It is a quadric since f has degree 2 and when n = 2 it is just the circle,
a good example of a conic. The parabola and the hyperbola with equations y = x2 and xy = 1 are two more
examples of conics.

When the degree of the polynomial equation increases the shapes quickly become intricate, wildly shooting
off to infinity and crumpling unexpectedly into singular points. The mathematical exhibition IMAGINARY
(www.imaginary.org) started out as a way of visualising algebraic surfaces in R3.

Affine hypersurfaces are usually considered up to affine transformations. Like the Euclidean isometries these
are a composition of a translation and a linear map but this time we allow any invertible linear map.

Definition 2.11. (Affine transformation)
An affine transformation from V to V is a map α : V → V of the form α = a+ t where a is an injective linear
transformation from V → V and t ∈ V .

For example the parabola X(f) where f = 4x2+4x+2−y is just the standard parabola X(s), with s(x, y) =
x2−y scaled and shifted since 4x2+4x+2−y = (2x+1)2−(y−1). In other words α(X(s)) = X(s◦α−1) = X(f)
where α(x, y) = (x−1

2 , y + 1). In general we have the useful formula α(X(f)) = X(f ◦ α−1) for any polynomial
f (exercise!).
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Projective hypersurfaces are likewise considered up to projective transformations. For a homogeneous F
and injective linear map L we find L(X(F )) = X(F ◦ L−1) by the same reasoning as above. And taking P on
both sides

P (L)(P (X(F ))) = P (L(X(F ))) = P (X(F ◦ L−1))

For example if we take F (x, y, z) = xy− z2

2 and L(e1) = 2−
1
2 (e1+e2) and L(e2) = 2−

1
2 (−e1+e2) and L(e3) = e3

is a π
4 rotation in the xy-plane. The inverse L−1 satisfies L−1(e1) = 2−

1
2 (e1 − e2) and L

−1(e2) = 2−
1
2 (e1 + e2)

so we find F ◦ L−1(x, y, z) = F ◦ L−1(xe1 + ye2 + ze3) =
−x2+y2−z2

2 . This equation can be recognised as that
of a cone with apex at the origin and pointing towards the y-axis.

A basic way of studying a hypersurface is by considering its tangent hyperplanes. This can be done both in
the affine and in the projective setting.
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Figure 2.6: Bernoulli’s lemniscate curve X(f) where f(x, y) = (x2 + y2)2 + x2 + y2 and its tangent space

at point p = ( 1
2 ,

√
−3+2

√
3

2 ). At p = 0 the curve is singular and the tangent space is T0X(f) = R2.

Definition 2.12. (Tangent space for hypersurfaces)
The tangent space of an affine algebraic hypersurface A = X(f) at p ∈ Rn is

TpA = p+∇f(p)⊥

The tangent space of a projective algebraic hypersurface B = P (X(F )) at p ∈ Pn is

TpB = P (TpX(F ))

In both cases we say the hypersurface is singular at p when the tangent space ceases to be a hyperplane.

For example, take again the quadratic polynomial f = x2 − y2 − z2 defining a cone C = X(f) in R3. The
tangent space TpC at point p = (a, b, c) is the linear subspace (plane) TpC = (a,−b,−c)⊥. To check this we note
that ∇f(p) = (2a,−2b,−2c) and p ⊥ ∇f(p). Since f is homogeneous we can also consider the corresponding
projective hypersurface P (C) and it has tangent space TpP (C) = P ((a,−b,−c)⊥). This does not depend on
the choice of vector p in the ray p because ∇f is a homogeneous polynomial like f itself.

Below we will see how embedding hypersurfaces into projective space will tame their tendency to go off to
infinity. More concretely, with respect to a natural topology on projective space, the projective hypersurfaces
become compact.

Definition 2.13. (Topology of projective space)
Using the map π : Rn+1 \ {0} → Pn defined by v 7→ v, we introduce a topology on Pn by stating that B ⊆ Pn is
open if and only if π−1(B) is an open subset of Rn+1.

For example the set {[x : 1]|x ∈ (0, 1)} is open in P1 because its inverse image under π is {λ(x, 1) ∈ R2|x ∈
(0, 1), λ ̸= 0} = {(x, y) ∈ R2|0 < x < y} ∪ {(−x,−y)|0 < x < y} is an open subset in the standard topology of
R2. The same topology is used for the Riemann sphere when viewed as the complex-valued projective line.

Theorem 2.14. (Compactness of projective algebraic hypersurfaces)
Any projective algebraic hypersurface in Pn is a compact subset of Pn with respect to the topology from Definition
2.13.
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Proof. First we notice that the map π from Definition 2.13 is continuous. Indeed for any open subset B ⊆ Pn
the inverse image is by definition open. Next, recall that the image of a compact set under a continuous map
is compact.

Next consider a homogeneous polynomial F in n + 1 variables. Then the zero-set X(F ) = F−1({0}) is
a closed subset of Rn+1 because F is continuous. In particular the unit sphere Sn0,1 is closed and so is the
intersection Z = X(F ) ∩ Sn0,1. A closed subset of a compact space is compact so Z is compact because the
sphere is. Our projective hypersurface P (X(F )) = π(Z) is compact by continuity of π.

Now that we have some idea of how projective hypersurfaces are better behaved let us turn to the matter of
embedding an affine hypersurface into a projective one. To simplify the algebra further we will work with the
standard projective space Pn = P (Rn+1) using homogeneous coordinates with respect to the standard basis of
Rn+1. The ordinary affine space Rn will be identified with the affine hyperplane H = en+1+ker εn+1 = {(x, 1) ∈
Rn+1} and under the bijection fH that corresponds to Pn − P (ker ϵn+1) = {[x1 : · · · : xn : xn+1]|xn+1 ̸= 0}, see
Lemma 2.4

Figure 2.7: The hypersurfaces X(f) and X(F ) where f = y2 − x3 + x and F = y2z − x3 − xz2 is its
homogenization. Notice how the yellow plane H = {(x, y, 1) ∈ R3} intersects X(F ) in a copy of X(f).

Theorem 2.15. (Homogenization)
Recall H = (en+1 + ker εn+1) ⊆ Rn+1. For any polynomial f in n variables there exists a unique homogeneous
polynomial F of the same degree in n+ 1 variables such that F (x, 1) = f(x) and

X(F ) ∩H = X(f)× {1} (2.1)

Proof. Suppose we had such a polynomial F then we can also write it as a sum of monomials (writing y = xn+1)

F (x, y) =
∑
k,ℓ

ck,ℓx
k1
1 . . . xknn yℓ

for some coefficients ck,ℓ. Since F should be homogeneous of degree m we must have ℓ = m − k1 − · · · − kn.
If f =

∑
k ckx

k then setting y = 1 shows that ck,ℓ = ck. We thus found a unique homogeneous polynomial F
meeting the requirements.

Finally F (t(x, 1)) = tdF (x, 1) = tdf(x) = 0 shows that X(f)× {1} ⊆ X(F ) ∩ H. Conversely if F (x, 1) = 0
then f(x) = F (x, 1) = 0 shows that Equation (2.1) holds.

Using the bijection fH between our affine slice H and Pn we see how F defines a projective hypersurface
P (X(F )) that looks just like X(f) when restricted to the image of fH (the slice). In other words applying P
on both sides of Equation (2.1) we get

P (X(f)× {1}) ⊆ P (X(F ))

This is what is meant when one says that we add points at infinity to an affine hypersurface.
As a simple example take f(x, y) = y2 − x3 + x. Then the homogenization F is given by F (x, y, z) =

y2z − x3 − xz2. See also Figure 2.7.
We finish with some more concrete remarks on projective quadrics and conic sections.

Theorem 2.16. (Classification of projective quadrics)
For any projective quadric Z in Pn there is a projective transformation J such that J(Z) = P (X(F )) with

F (x1, . . . , xn, xn+1) =

p∑
i=1

x2i −
p+q∑
i=p+1

x2i (2.2)

for some uniquely determined positive integers p, q with p+ q ≤ n+ 1.



36 CHAPTER 2. PROJECTIVE GEOMETRY

Proof. Our quadric Z is of the form P (X(G)) for some homogeneous quadratic polynomial G in n+1 variables.
As such the polynomial G determines a quadratic form on Rn+1 and thus also a symmetric bilinear form B.
Sylvester’s theorem tells us that there exists a basis b1, . . . bn+1 such that Q(

∑n+1
i=1 xibi) = F (x1 . . . xn+1) where

F is as written in Equation (2.2). It follows that F = G ◦ L−1 where L is the linear map determined by
L(bi) = ei.

Taking J = P (L) and using the same argument as given below Definition 2.11 we conclude

J(P (X(G))) = P (L)(X(G)) = P (L(X(G))) = PX(G ◦ L−1) = P (X(F ))

In particular when n = 2 the projective quadrics in P2 also known as conics are quite simple. After a
projective transformation they can be turned into either the empty set P (X(x2 + y2 + z2)) or the ‘circle’
P (x2 + y2 − z2) or a pair of plines P (X(x2 − y2)) or a single pline P (X(x2)) or perhaps all of P2 as P (X(0)).

An argument similar to that in the proof of the theorem just given allows us to explain the name conic.
Suppose we have an affine conic X(f) in R2. Its homogenization F satisfies X(f) × {1} = X(F ) ∩ H where
H = {(x, y, 1)}. By Sylvester’s theorem there is a linear isomorphism L : R3 → R3 such that L(X(F )) = X(G)
where G is one of the standard forms ax2 + by2 + cz2 where a, b, c ∈ {−1, 0, 1}. The only interesting case is
where ±G = x2 + y2 − z2. We see that in this case X(f) is in bijection with X(G) ∩ L(H) and this is truely a
conic section: the intersection of an affine hyperplane with the standard cone X(G).

For example let us try the standard parabola f = y−x2. Then F = yz−x2 and X(F )∩H can be understood
as X(f). Now G = F (x, y+ z, y− z) = y2 − z2 − x2 so if we set G = F ◦L−1 we have L(x, y, z) = (x, y+z2 , y−z2 )
and X(G) = L(X(F )). As X(G) is clearly a cone, so the parabola is a conic section where we intersect with
the affine plane L(H) = {(x, y+1

2 , y−1
2 )|x, y ∈ R}.

Quadrics and bilinear forms can also be used in a different way to study projective space in a deeper way.
This is most familiar in the case of an inner product where we have a notion of orthogonality. The same concept
works for any bilinear form and is known as polarity. The reader is invited to explore what is the relation
between the quadric and the ensuing polarity.

Definition 2.17. (Polarity)
For any symmetric bilinear form B on V and a linear subspace W ⊆ V define

W⊥B = {v ∈ V |∀w ∈W : B(v, w) = 0}

For any projective subspace Z = P (W ) we say Z⊥B = P (W⊥B ) is the polar of Z with respect to B.

Provided B is non-degenerate, polarity will permute the projective subspaces in P (V ) in interesting ways.
For example if B(v, w) = v1w1 + v2w2 − v3w3 is a bilinear form on R3 and W = e2 + e3 then

W⊥B = {(x, y, y)|x, y ∈ R} = {e1, e2 + e3}

So P (W )⊥B = P ({e1, e2 + e3}). As we can see in this example, the polar to a ppoint in the plane is a pline.
The converse is also true: In the projective plane, plines will become ppoints, while the polar of a ppoint is a
pline. For example (e1, e2)

⊥B = e3. So the polar of the pline P (e1, e2) is the ppoint P (e3) with respect to B.
As polarity is also compatible with most operations in projective geometry such as intersections, applying

polarity often turns one theorem into two apparently completely different theorems. Polarity is a special case
of projective duality made concrete by choosing a bilinear form to identify V ∗ with V .

Exercises

1. Prove that Pn is compact with respect to the topology from Definition 2.13.

2. Give an example of an affine algebraic hypersurface in R2 that is compact and also an example of one
that is not compact (using the standard topology of R2).

3. Affine hypersurfaces.

(a) For any c ∈ R3, r > 0, find two distinct polynomials f, g in 3 variables such that X(f) = X(g) = S2
c,r.

(b) Can the x-axis in R3 be of the form X(f) for some three variable polynomial f?

(c) Prove that X(f2 + g2) = X(f) ∩X(g) and X(fg) = X(f) ∪X(g).

(d) Find an affine transformation from α : R2 → R2 such that α(X(g)) = X(f) where f = y − x2 and
g = y − x2 − 3x+ 3.
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4. Homogenization. Which of the following polynomials are homogeneous? If they are not, write down their
homogenization.

(a) x2 + xy + 1− y

(b) 0

(c) 1

(d) xy + yz + x2 − 1

(e) xyz + yz2 − x3 − 4xy2

(f) det(xij) viewed as a polynomial in the n2 variables xij , where i, j ∈ {1, 2, . . . n}.

5. Prove that the composition of two affine transformations is again an affine transformation.

6. Tangent space.

(a) Find a point p ∈ X(f) where f = x3 + y3 + z3 + 3 and compute TpX(f).

(b) Now find the homogeneization F of f and describe TqX(F ) where q = (p, 1) with p as in the previous
part.

(c) Also compute the projective tangent space TqP (X(F )).

(d) Prove that for ANY homogeneous polynomial F and p ∈ X(F ) then p ⊥ ∇F (p).

7. ABC formula. Consider f(x, y) = y − c2x
2 − c1x− c0 where c2 ̸= 0 and ci ∈ R.

(a) Find an affine map α : R2 → R2 such that X(y − x2) = α(X(f)).

(b) Use your affine map α to give a formula for the elements of X(f) ∩ ker ε2 as functions of c2, c1, c0.

8. Take Q(x, y, z) = x2 + y2 − z2 and imagine a pline ℓ through A = [1 : 0 : 1] and B = [1 : 1 : 1] and
another pline m through C = [1 : 1 : 0] and D = [0 : 0 : 1] in P2. The homogeneous coordinates refer to
the standard basis of R3.

(a) Find the intersection ppoint X = m ∩ ℓ ∈ P2.

(b) Find the polars of ℓ andm with respect to the above quadratic form Q (and its corresponding bilinear
map).

(c) What is the relationship between the polar of X with respect to the same Q and the polars of ℓ and
m you found in the previous part?

9. Suppose B : V ×V → R is a symmetric bilinear map on vector space V . Assume that B is non-degenerate
in the sense that ∀v ∈ V : B(v, w) = 0 ⇒ w = 0.

(a) Prove that Φ : V → V ∗ given by Φ(v)(w) = B(v, w) is a linear map.

(b) Prove that Φ is a bijection.

(c) If dimV = 3 and X,Y ∈ P (V ) are distinct points and ℓ = XY is the pline connecting them, prove
that X⊥B and Y ⊥B are plines intersecting in the ppoint ℓ⊥B .

(d) Is the previous part still true when dimV > 3?

(e) Prove that for any linear subspace W ⊆ V we have (W⊥B )⊥B =W .

(f) Prove that for any projective subspace Z ⊆ P (V ) we have (Z⊥B )⊥B = Z.

(g) Are the previous two parts still true when B is not non-degenerate?

10. Find the projective transformation of Pn that sends the following projective quadrics to their standard
form as in Theorem 2.16.

(a) P (X(xy + yz − z2)) in P2.

(b) P (X(x1x4 + 2x2x3 − x24)) in P3.

(c) P (X(x2)) in P3.

(d) P (X(ad− bc)) in P3.

11. Take R4 with the standard inner product and write W⊥ to mean the polar of W with respect to this
bilinear form.

(a) Explain why Z⊥ is a pplane when Z ∈ P3 is a ppoint.
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(b) If Z is a pline in P3 then show that Z⊥ is also a pline.

(c) What is the polar of a pplane in P3?

(d) Write down the Desargues theorem carefully in the case V = R4. Now apply polars to all ppoints
and plines involved. What statement do you get? Why is that also a theorem? Does it need a proof?

12. Find an example of a non-degenerate symmetric bilinear form B on a vector space V and a subspace W
such that W =W⊥B .



Chapter 3

Riemannian geometry

The main question we want to address is:
How to find the shortest path between two points in a curved space?

Curved spaces will be modelled using Riemannian charts. Roughly speaking a Riemannian chart is like
Euclidean space except that the inner-product may vary as you move around. Before going into such a general
definition of a curved space we first consider geometry on the surface of a sphere.

3.1 Spherical geometry

This section is meant to give some intuition about curved spaces by studying the surface of the unit sphere
S2 = S2

0,1 in R3. Our purpose here is not to be very precise or general but rather to provide a introduction
into Riemannian geometry by studying the most natural curves space of all. Spherical geometry is of course
the relevant geometry to study the earth but much of its development was driven by astronomers mapping and
measuring the celestial sphere.

Figure 3.1: Left: The sphere S2 intersects two planes through the origin in a red and a green great circle.
Right: 150 randomly chosen great circles on S2.

The sphere is highly symmetric. More specifically any rotation around an axis through the origin or any
reflection in a plane through the origin preserves the unit sphere S2.

Using the symmetries of the sphere we can already give an intuitive argument for what the straightest
possible lines on the sphere should be. They should be great circles as defined below, see also Figure 3.1.

Definition 3.1. (Great circles)
A great circle on S2 is the intersection of S2 with a two dimensional linear subspace of R3. A connected subset
of a great circle is a great circular arc.

We will assume there can only be one shortest curve connecting points A to B in the sphere. Then this
curve must be unchanged when reflecting in the linear subspace M containing A,B,O. Otherwise we would
have two shortest curves connecting A to B. This means our curve is contained in the intersection of the plane
with the sphere.

39
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Figure 3.2: The three paths from point A to point B on the sphere. The red path is the mirror image of
the green path in the mirror M spanned by A,B,O. The blue path is part of a great circle.

Provided the points A and B are not too far apart we will prove that our assumption that the straightest
path is unique is indeed correct. This is the content of Theorem 3.14 that will be proven in curved spaces
generalizing the sphere.

Motivated by these arguments we introduce the spherical distance

Definition 3.2. (Spherical distance)
The spherical distance between two points x, y ∈ S2 is the length of the shortest great circular arc connecting
them. Notation dS2(x, y).

Since we work on the unit sphere, notice that the length of a great circular arc is precisely the absolute value
of the angle between the vectors representing its endpoints.

Comparing spherical geometry to Euclidean plane geometry the great circles play the role of straight lines
but they behave a little differently. For example any two great circles will intersect and not in one single point
but rather in a pair of antipodal points p,−p.

Moving on from line segments to convex polyhedra, the Euclidean Definition 1.1 does extend to spherical
triangles and polygons. The idea is to first define a polygon in R3 and then map it onto the sphere using the
map U : R3 \ {0} → S2 defined by U(v) = v

|v| . More precisely,

Definition 3.3. (Spherical polygon)
For any finite set X ⊆ S2 such that 0 /∈ [X] define the corresponding convex spherical polygon to be

[X]S2 = U([X])

When X = {A,B,C} and the three points do not lie on the same great circle we say [X]S2 is a spherical
triangle.

The simplest example is the great circular arc connecting [A,B]S2 . When A ̸= ±B this is the shortest arc
of a great circle connecting A to B.

A nice regular example of a spherical triangle is [e1, e2, e3]S2 . When the points are very close together the
spherical triangle almost looks like Euclidean triangle but as the distances increase they start to behave quite
differently, see Figure 3.4

To study spherical triangles in more detail we need to be precise about our notion of angle, just like in the
Euclidean case. Parametrizing a great circular arc [A,B]S2 so that it runs from A to B can be done as follows.
Define the curve γ : [0, 1] → S2 by γ(t) = U(tB + (1 − t)A). Alternatively we can use Gram-Schmidt to find
a unit vector B̃ ∈ {A,B}. The curve γ(t) = cos(t)A + sin(t)B̃ will then parametrize the great circle passing
through A,B.

Orienting the planes tangent to the sphere by the ‘right-hand rule’ we can define spherical angles properly:

Definition 3.4. (Spherical angle)
For A,O,B ∈ S2 such that A,B ̸= ±O define

∠S2AOB = ∠(α̇(0), β̇(0))
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Figure 3.3: Left: eight randomly chosen spherical triangles. Right: Stretching out the vertices of the small
red triangle in three fixed directions makes all its angles increase.

where α, β : [0, 1] → R2 are curves that parametrize [O,A]S2 and [O,B]S2 such that α(0) = β(0) = O. The right
hand side is the Euclidean angle in the subspace O⊥ ⊆ R3 with respect to the following orientation. We say a
basis u, v of O⊥ is positive if u, v,O is in the standard orientation of R3.

Without proof we mention a striking formula for the area of a spherical triangle in terms of its interior
angles. We will not define spherical area precisely here but will do so in a more general context in the next
section. In the exercises we sketch an intuitive argument in support of this theorem.

Theorem 3.5. (Spherical area formula)
The sum of the interior angles in a spherical triangle equals its area plus π. More precisely, If [A1, A2, A3]S2 is
a spherical triangle such that ∠S2A2A1A3, > 0 then

∠S2A2A1A3 + ∠S2A3A2A1 + ∠S2A1A3A2 = π +Area([A1, A2, A3]S2)

As a simple example consider the right-angled regular triangle R = [{e1, e2, e3}]S2 . Let us compute one of
the interior angles, say ∠S2e2e1e3. Parametrizing the arcs [e1, e2]S2 and [e1, e3]S2 by α(t) = cos(t)e1 + sin(t)e2
and β(t) = cos(t)e1 + sin(t)e3 we see that α̇(0) = e2 while β̇(0) = e3. The basis e2, e3, e1 is positively oriented
so ∠S2e2e1e3 = ∠α̇(0), β̇(0) = ∠e2, e3 = π

2 .
A similar computation shows the other two interior angles are also π

2 so the sum of the interior angles is 3π
2 .

This predicts that the area of the spherical triangle R should be π
2 . This is correct since the total area of the

sphere is 4π and R is precisely one eighth of the sphere.

Parametrizations of the sphere

So far we studied the sphere as it sits inside R3 using the three coordinates in R3. This is a little wasteful
because we only need two coordinates to describe any point on the sphere. Instead of studying a globe we will
now try to flatten parts of the sphere and study the sphere through various charts. In other words, we will
parametrize a part of the sphere using an injective map W : P → S2, where P ⊆ R2 is some open subset of the
plane.

Two common parametrizations of (part of) the sphere are geographic WG and stereographic coordinates
WS .

In our (version of)1 geographic coordinates our chart is the function WG : (−π, π)× (−π
2 ,

π
2 ) → R3 by

WG(λ, φ) = (cosλ cosφ, sinλ cosφ, sinφ)

The first coordinate λ is called the longitude and φ is known as the latitude. The function WG maps the
horizontal line (−π, π)× {0} onto the equator while the British empire chose the line {0} × (−π

2 ,
π
2 ) to be the

great circle running through Greenwich and the poles. It is called the zero meridian.
Our choice of coordinates agrees with GPS and geographical coordinates except that they usually write the

φ coordinate first. We chose to keep the mathematical convention of writing the x-coordinate first. Find the
location of any place on earth in this coordinate system using for example www.latlong.net. For example,
Groningen is WG(6.57

π
180 , 53.2

π
180 ). The corresponding GPS coordinates would be (53.2, 6.57) (measured in the

degrees).
For any L ∈ (−π, π) the vertical lines {L} × (−π

2 ,
π
2 ) are called the meridians and correspond to those

great circles on the sphere that contain the poles ±e3. The horizontal lines on the map are called parallels and

1beware, many other conventions are in use!

www.latlong.net
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Figure 3.4: Left: eight randomly chosen spherical triangles. Right: Stretching out the vertices of the small
red triangle in three fixed directions makes all its angles increase.

correspond to circles on the sphere that meet the meridians orthogonally. The equator is the only great circle
among the parallels.

e3

WS(v)

v

Figure 3.5: A schematic view of the stereographic map WS , seen in the plane spanned by 0, e3 and v.

An alternative coordinate system on the sphere is provided by Ptolemy’s stereographic projection

WS : R2 → R3 WS(v) =
2(v1e1 + v2e2) + e3(|v|2 − 1)

|v|2 + 1
, v = v1e1 + v2e2

The idea behind this map is that the points v,WS(v) and the north pole e3 are all on the same line as shown in
a cross section in Figure 3.5. Although the distortion in the stereographic projection is enormous, it does send
circles to circles and preserves Euclidean angles. This follows from the fact that can be interpreted in terms
of inversion. In fact, WS(v) = Ie3,√2(v1, v2, 0). Theorem 1.8 implies the above mentioned properties of the
stereographic projection.

Projection of the sphere onto a piece of the plane invariably leads to distortions. Studying charts with a
distorted sense of distance and inner product is the subject of Riemannian geometry that we will start studying
in the next section. Although clumsy at first it allows us to consider shapes surfaces that would not even fit
in R3 like the hyperbolic plane. It is also the basic framework for studying the universe according to general
relativity.

Exercises

1. (Spherical circles) For c ∈ S2 and r > 0 define Σc,r = {p ∈ S2|dS2(c, p) = r}. Throughout this exercise
you may assume that for any rotation R in R3 fixing the origin satisfies dS2(x, y) = dS2(R(x), R(y)).

(a) Explain why Σc,r can be interpreted as a circle with radius r and center c in the sense of spherical
geometry.

(b) Explain why it suffices to study the case c = e1 and r ≤ π.

(c) What is Σe1,π?

(d) Assuming r < π, prove that Σe1,r ⊃ S2 ∩ (ϵ1)
−1({cos r}).

(e) Assuming r < π, prove that Σe1,r ⊆ S2 ∩ (ϵ1)
−1({cos r}).

(f) Prove that Σc,r for r < π is a Euclidean circle in R3 with radius sin r.
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Figure 3.6: The stereographic map WS on a rectangular grid. The line segment [e3, v] contains WS(v).

(g) What is the length of the circumference of a spherical circle with radius r?

(h) Study the limit of your previous answer when r → 0.

2. (Spherical area) In this exercise we make the assumption that there exists an area function Area : P → R
defined on the set P of all P ⊆ S2 bounded by finitely many great circular arcs. We assume Area satisfies
the following properties:

- Area(S2) = 4π

- If P,Q ∈ P and P ∩Q consists of great circular arcs then Area(P ∪Q) = Area(P ) + Area(Q).

- For any reflection ϕ in a plane through the origin and any P ∈ P we have Area(P ) = Area(ϕ(P )).

(a) Recall or prove that the antipodal map α : R3 → R3 defined by x 7→ −x is the composition of three
reflections in planes through the origin.

(b) Start with a spherical triangle [A1, A2, A3]S2 and extend its sides to three great circles. Show that
the pairs of great circles will meet in the pairs of points {−Ai, Ai}.

(c) Prove that Area([A1, A2, A3]S2) = Area([−A1,−A2,−A3]S2).

(d) For any three points p, q, r ∈ S2 that are not antipodes and not all on a great circle, define the lune
[p,−p, q, r]S2 . Argue that the area of a lune should be 2θ, where θ is the angle between the arcs
[p, q]S2 and [p, r]S2 .

(e) Make a sketch of the sphere and convince yourself that

S2 =

3⋃
i=1

[Ai,−Ai, Ai+1, Ai+2]S2 ∪
3⋃
i=1

[Ai,−Ai,−Ai+1,−Ai+2]S2

where the indices are to be taken modulo 3.

(f) Also show that

[Ai,−Ai, Ai+1, Ai+2]S2 ∩ [Ai,−Ai,−Ai+1,−Ai+2]S2 = {Ai,−Ai}

and
[Ai,−Ai, Ai+1, Ai+2]S2 ∩ [Ai+1,−Ai+1,−Ai+2,−Ai]S2

is a great circular arc and

[Ai,−Ai, Ai+1, Ai+2]S2 ∩ [Ai+1,−Ai+1, Ai+2, Ai]S2 = [Ai, Ai+1, Ai+2]S2

(g) Prove the formula for the area of a spherical triangle using

Area(S2) =

3∑
i=1

Area([Ai,−Ai, Ai+1, Ai+2]S2) +

3∑
i=1

Area([Ai,−Ai,−Ai+1,−Ai+2]S2)

−2Area([Ai, Ai+1, Ai+2]S2)− 2Area(([−Ai,−Ai+1,−Ai+2]S2)
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3. (a) Prove that given p ̸= q ∈ S2, at least one great circle pass through p and q.

(b) Can you arrange p and q so that multiple great circles pass through p and q?

(c) Prove that any two distinct great circles intersect in precisely two points.

4. (a) Show that sin(x) ≤ x for any x ≥ 0.

(b) Show that for any x we have eix − 1 = 2i sin x
2 e
i x2 . (Hint: eix − 1 = e

ix
2 (e

ix
2 − e−

ix
2 )).

(c) Show that the length of a great circular arc with end points A ̸= B ∈ S2 is always more than the
length of the Euclidean line segment [A,B] ⊆ R3.

5. Recall two planes through the origin in R3 are orthogonal if their normal vectors are orthogonal.

(a) Suppose U1, U2 ⊆ R3 are two-dimensional linear subspaces and Ki = Ui∩S2 the corresponding great
circles. Prove that U1 is orthogonal to U2 in the above sense if and only if the angle between the
great circles is ±π

2 .

(b) Imagine another plane through the origin called U3 in R3 such that U2 and U3 are both orthogonal
to U1. Prove that if U2 ̸= U3 then U2 ∩ U3 is a line orthogonal to U1.

(c) Imagine A1, A2, A3 ∈ S2 are the vertices of the spherical triangle [A1, A2, A3]S2 . Denote the edges
of the triangle by a1 = [A2, A3]S2 , a2 = [A3, A1]S2 and a3 = [A1, A2]S2 . Prove that if the spherical
angles satisfy ∠S2A2A1A3 = ∠S2A3A2A1 = π

2 then a1 and a2 both have length π
2 .

(d) Conclude that any spherical triangle whose interior angles are all π2 must also have side lengths equal
to π

2 .

6. For any θ ∈ (π/3, π) find A,B,C ∈ S2 explicitly (as functions of θ) such that [A,B,C]S2 is a spherical
triangle whose interior angles are all equal to θ.

3.2 Riemannian charts and metrics

We now start our study of Riemannian charts in general. We can think of a Riemannian chart as a piece of
ordinary Euclidean space except that our yard stick is allowed to grow and shrink as we move around. The
changes in the yard stick can be thought of as compensating for the distortion that is inherent in making a
chart of a curved space such as the sphere.

Once we get used to the fact that the our measurements depend on our position we can proceed much like
we do in Euclidean space. For example we can calculate lengths, areas, angles, volumes etc.

Definition 3.6. (Riemannian chart, metric)
An n-dimensional Riemannian chart (P, g) is an open subset P ⊆ Rn together with a Riemannian metric
g. The Riemanian metric2 is a choice of inner product g(p) for each p ∈ P in such a way that the functions
gij : P → R defined by gij = g(p)(ei, ej) are C

1.

Perhaps the simplest Riemannian metric is to take the standard inner product of Rn at every point, we call
this metric gE . We can do this on any open subset P ⊆ Rn and get a Riemannian chart that we call (P, gE).

The Riemannian metric gE is defined by gE(p)(v, w) = ⟨v, w⟩̇ for all p ∈ P and v, w ∈ Rn. The functions
(gE)ij(p) = ⟨ei, ej⟩ = δij are constant and hence C1 functions.

Next we introduce a famous family of Riemannian charts called hyperbolic n-space, denoted by (Hn, ghyp).
We define Hn = Rn−1 × (0,∞) with metric ghyp(x, y)(v, w) = 1

y2 ⟨v, w⟩. It is not hard to check that ghyp is

indeed a Riemannian metric because (ghyp)ij(x, y) =
δij
y2 is C1. The case n = 2 is especially well known due to

Escher’s excellent artwork.
The hyperplane Rn−1 × {0} is not strictly part of hyperbolic space but still plays an important role and is

known as the hyperplane at infinity. We will later be able to prove that the hyperbolic analogues of straight lines
are Euclidean circles whose center is on the hyperplane at infinity. Euclidean lines orthogonal to the hyperplane
at infinity also turn out to be straight in the hyperbolic sense. Looking at the hyperbolic metric we see that
the closer you get to the hyperplane at infinity, the smaller things will look.

Sometimes it is convenient to write the coefficients gij of the metric g in a square matrix. The reader is
warned that this does not mean that g represents a linear map. For example the hyperbolic metric on H3 would

have a metric g(x, y, z) encoded by the matrix

 z−2 0 0
0 z−2 0
0 0 z−2


Lengths and angles make sense in any Riemannian chart (P, g):

2Be careful that a Riemannian metric is NOT a metric in the sense of metric spaces.
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Definition 3.7. (Length, angle and volume)
Suppose (P, g) is an n-dimensional Riemannian chart.

1. The length L(γ) of curve γ : [a, b] → P is the integral L(γ) =
∫ b
a

√
g(γ(t))(γ̇(t), γ̇(t))dt.

2. If β is another curve and β(q) = γ(q) = p ∈ P and we choose an orientation on the plane3 spanned by
β̇(q), γ̇(q) then the angle between the curves at p is defined as follows. It is the Euclidean angle between
the vectors β̇(q), γ̇(q) with respect to the inner product g(p) and the chosen orientation.

3. The volume Vol(M) of a subset M ⊆ P in an n-dimensional Riemannian chart is defined by

Vol(M) =

∫
M

√
|det g|dx1 . . . dxn

Here det g refers to the determinant of the matrix whose i, j-th entry is gij.

For example in the hyperbolic plane the length of the vertical line between (0, a) and (0, b), where a < b.
This line is parametrized by the curve γ : [a, b] → H2 defined by γ(t) = te2. Computing the integrand for the
length integral first we find γ̇(t) = e2 and so ghyp(γ(t))(γ̇(t), γ̇(t)) = (ghyp)22(γ(t)) =

1
t2 . Therefore

L(γ) =

∫ b

a

√
ghyp(γ(t))(γ̇(t), γ̇(t))dt =

∫ b

a

1

t
dt = log b− log a

It is left as an exercise to the reader to show that the angle between two curves in the hyperbolic sense is
always equal to the angle in the Euclidean sense. This has to do with the fact that the hyperbolic metric is of
the special form g(p) = f(p)⟨., .⟩, where ⟨., .⟩ denotes the standard inner product in Rn.

The volume of a strip S = [0, 1]× [1,∞) in the hyperbolic plane is

Vol(S) =

∫ 1

x=0

∫ ∞

y=1

1

y2
dydx =

∫ ∞

1

y−2dy = [−y−1]∞1 = 1

As in Euclidean and spherical geometry, it is important to understand what motions preserve the Riemannian
metric. We call such maps Riemannian isometries. It can also happen that there is an isometry relating two
Riemannian charts. That means both describe the same geometry.

Definition 3.8. (Riemannian isometry)
A Riemannian isometry between two n-dimensional Riemannian charts (P, g) and (P̃ , g̃) is a C2 bijection
F : P → P̃ whose inverse is also C2, satisfying

g̃(F (p))(dF (p)(v), dF (p)(w)) = g(p)(v, w) ∀p ∈ P, ∀v, w ∈ Rn (3.1)

If det dF > 0 we say F is orientation preserving.

For example, for any h in the hyperplane at infinity Rn−1×{0} the translation Th : Hn → Hn is a Riemannian
isometry from hyperbolic space to itself. Indeed dTh(p) = idRn and clearly Th and its inverse are C2 functions.
Also g(p+ h) = g(p) so g(Th(p))(dTh(v), dTh(w)) = g(p)(v, w) as required.

A slightly longer computation shows that inversion in the unit sphere I0,1 : Hn → Hn is also a Riemannian
isometry from hyperbolic space to itself. Recall I0,1(p) = p

|p|2 . Using the short hand F = I0,1, g = ghyp, and

p = (x, y), it suffices to prove g(F (p))(∂iF (p), ∂jF (p)) = gij(p) = δijy
−2. The partial derivatives are computed

as

∂iF (p) =

n∑
k=1

δik|p|2 − 2pipk
|p|4

ek

Therefore

g(F (p))(∂iF (p), ∂jF (p)) = y−2|p|4⟨∂iF (p), ∂jF (p)⟩ = y−2|p|−4
n∑
k=1

(δik|p|2 − 2pipk)(δj,k|p|2 − 2pjpk) =
δij
y2

The last equality follows because for i = j we have

(|p|2 − 2p2i )
2 +

n∑
k ̸=i

4p2i p
2
k = |p|4

3when the two vectors span a line or less, orientation is neither possible nor necessary.
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while for i ̸= j we have

−2pipj(|p|2 − 2p2i )− 2pipj(|p|2 − 2p2j ) +

n∑
k ̸=i,j

4pipjp
2
k = −2pipj(2|p|2 − 2p2i − 2p2j − 2

n∑
k ̸=i,j

p2k) = 0

In fact this example combined with some easy ones gives a complete list of all isometries of the hyperbolic plane.

Theorem 3.9. (Isometries of the hyperbolic plane)
If we identify the hyperbolic plane H2 with the set {z ∈ C|Im(z) > 0} then for any a, b, c, d ∈ R such that
ad − bc = 1 the maps M(z) = az+b

cz+d and M̄(z) = az̄+b
cz̄+d are hyperbolic isometries. In fact, all orientation

preserving isometries are of the form M(z) and all other isometries are of the form M̄ .

The importance of Riemannian isometries is that they preserve all geometric objects and properties. In
particular, length of curves, angles and volumes are preserved under isometries. For example if γ : [a, b] → P is
a curve in (P, g) and F : P → P̃ is an isometry then β = F ◦ γ has the same length as γ. This follows from the
chain rule: β̇ = dF (γ(t))γ̇ and the isometry equation (3.1):

L(β) =

∫ b

a

√
g̃(β(t))(β̇(t), β̇(t))dt =

∫ b

a

√
g̃(F (γ(t)))(dF (γ(t))γ̇(t), dF (γ(t))γ̇(t))dt =

∫ b

a

√
g(γ(t))(γ̇(t), γ̇(t))dt = L(γ)

For example a symmetry argument similar to that given on the sphere tells us that the positive y-axis is a
straight line in the hyperbolic plane. The argument is that the Euclidean reflection in that line is a hyperbolic
isometry: R(z) = −z̄. Provided the shortest path γ between two points ia, ib on the imaginary axis is unique
(something we will prove later in more generality) we argue that R ◦ γ is another such path. Therefore γ must
be contained in the imaginary axis.

Since we know all isometries of the hyperbolic plane it follows that we also know where all other hyperbolic
lines are. They are the images of the positive imaginary axis under maps M(z) = az+b

cz+d .

Theorem 3.10. (Hyperbolic lines)
The shortest path between two points in the hyperbolic plane is along the unique circle with center on the x-axis
that contains both. If this does not exist, the path is the along the vertical Euclidean line connecting both.

To illustrate this theorem a little more we show a tiling of H2 by right angled pentagons. Many more tilings
such as this exist.

Figure 3.7: Tiling the hyperbolic plane by reflecting in the sides of a right angled pentagon. Only three
iterations of reflections are shown.

So far our discussion of Riemannian geometry has been entirely abstract. However many Riemannian metrics
actually describe the shape of surfaces in Rn.

Lemma 3.11. (Pull-back metric)
Given a C2 differentiable map W : P → Rm, where P ⊆ Rn is open. If dW (p) is injective at every p then the
following defines a Riemannian metric gW on P :

gW (p)(v, w) = ⟨dW (p)(v), dW (p)(w)⟩
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Recall that dW (p)(ei) = ∂iW (p) so we might also write the coefficients of the pull-back metric as (gW )ij(p) =
⟨∂iW (p), ∂jW (p)⟩.

For example, taking n = 2,m = 3 in our geographic coordinate example we have W = WG : (π, π) ×
(−π

2 ,
π
2 ) → R3 where W =WG(λ, φ) = (cosλ cosφ, sinλ cosφ, sinφ). Therefore

(gW )1,2(λ, φ) = ⟨∂λW,∂φW ⟩ = ⟨(− sinλ cosφ, cosλ cosφ, 0), (− cosλ sinφ,− sinλ sinφ, cosφ)⟩ = 0

The reader should carry out the other computations too and check that the matrix for the metric gW obtained

from geographic coordinates comes out as

(
cos2 φ 0

0 1

)
. Likewise, the stereographic coordinates WS : R2 →

S2 given by WS(v) =
2v,|v|2−1
|v|2+1 gives rise to the Riemannian chart (R2, gWS

) where (gWS
)ij(v) =

(
2

|v|2+1

)2

δij ,

using the Kronecker delta function to avoid writing down yet another diagonal matrix.
Seen from the perspective of the pull-back metric the map W : P → Rm is almost a Riemannian isometry

where we take Rm with the Euclidean metric. Except that it might not be a bijection and in fact P might have
the wrong dimension. Nevertheless it is true that the length of a curve γ : [a, b] → P measured using gW equals
the Euclidean length of β =W ◦ γ. The argument is literally the same as that given in the case of isometries:

L(β) =

∫ b

a

√
⟨β̇(t), β̇(t)⟩dt =

∫ b

a

√
⟨dW (γ(t))γ̇(t), dW (γ(t))γ̇(t)⟩dt =

∫ b

a

√
gW (γ(t))(γ̇(t), γ̇(t))dt = L(γ)

Something similar is true for angles wrt to gW between curves intersecting in P and the Euclidean angles between
their images under W in Rm. We will not work this out explicitly but the idea should be clear: the map W
is supposed to transfer all geometry of the hypersurface parametrized by W : P → Rm onto the domain of W .
The inevitable distortion coming from W is corrected for using the pull-back metric instead of the Euclidean
metric on P .

Exercises

1. Consider the Riemannian chart (P, g) where P = R2 and g11(p) = 2 and g22(x, y) = 2+x2 and g12(x, y) =
g21(x, y) = −1. To determine angles we will use the standard orientation of R2. Compute the length of
the following curves with respect to g:

(a) γ : (0, 2) → P defined by γ(t) = (1, t).

(b) β : (−1, 2) → P defined by β(t) = (t, 1).

(c) α : (−1, 2) → P defined by α(t) = (t, t).

(d) Compute the angle between γ and β at the intersection point (1, 1).

(e) Compute the angle between β and γ at the intersection point (1, 1).

(f) Compute the area of [0, 1]2 with respect to g.

2. Consider the Riemannian chart (P, g) where P = (0,∞)3 and g11(x, y, z) = x+y+z and g22(p) = g33(p) =
1, while g12(p) = g21(p) = g13(p) = g31(p) = 0 and g23(x, y, z) = g32(x, y, z) = yz.

(a) Compute the length of the curve γ : (0, 1) → P defined by γ(t) = (t, 1, t).

(b) Set β : [−1, 1] → P by defined by β(t) =

{
(1, t+ 2, 2) if t ≤ 0

(t+ 1, 2, 2) if t > 0
. Find the length of β.

(c) Find a curve α : [0, 1] → P with α(0) = β(−1) and α(1) = β(1) that is shorter than β.

3. Imagine a curve γ : (a, b) → P in a Riemannian chart (P, g).

(a) Suppose h : (a, b) → (a, b) satisfies h′(t) > 0 for all t ∈ (a, b). Prove that L(γ) = L(γ ◦ h).
(b) Find h : (a, b) → (a, b) such that for all t we have g(γ(h(t)))( ˙γ ◦ h(t), ˙γ ◦ h(t)) = 1.

4. (Fisher metric). Suppose we have a family probability density functions fp : R → [0,∞) where p ∈ P for
some open set P ⊆ Rn. The Fisher metric is defined by

gij(p) =

∫ ∞

−∞
fp(t)∂i log fp(t)∂j log fp(t)dt

(a) Assume that P = R× (0,∞) and fµ,σ = 1√
2πσ

e−
(x−µ)2

2σ2 is the normal distribution with mean µ and

variance σ2. Now compute gij(p).
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(b) Do you recognize the Riemannian metric on the space of standard normal distributions?

(c) Sketch the Gaussian graphs for fγ(s) as γ(s) traces shortest path through P .

5. Consider the Riemannian chart (P, g) where P = (−1, 1)×(−1, 1) and g is defined by g11(x, y) = 1, g22 = 1
and g12(x, y) = g21(x, y) = y. In this exercise we examine the Riemannian area and circumference and
length of a diagonal of a little square Sϵ = [0, ϵ]2 ⊆ P for 0 < ϵ < 1.

(a) Compute det g(p) and show it is positive for all p ∈ P .

(b) Using d
dt

1
2 (arcsin(t) +

√
1− t2t) =

√
1− t2 compute Vol(Sϵ) as a function of ϵ ∈ (0, 1).

(c) Show that limϵ→0
Vol(Sϵ)
ϵ2 = 1

(d) Define α : [0, 1] → P by α(t) = (ϵ, ϵt). Compute g(α(t))(α̇, α̇).

(e) Compute length of α with respect to g.

(f) Show that the circumference (the sum of the lengths of the sides) of Sϵ is 4ϵ.

(g) Compute the (Riemannian) length of the curve β : [0, 1] → P by β(t) = (ϵt, ϵt) as a function of ϵ.

(h) Do you see in what sense the answer of the previous part approaches the Euclidean length of the
diagonal of Sϵ when ϵ tends to 0?

(i) Are the Riemannian angles between the sides of the square Sϵ still ±π/2 as they would be in the
Euclidean case?

6. Show that Euclidean reflection in the y-axis provides a Riemannian isometry from the hyperbolic plane
to itself. Give an intuitive argument why the y-axis must be a straight line in the hyperbolic sense. The
same argument that we used on great circles in the sphere should work in this case too.

7. Imagine a Riemannian chart (P, g) where g(p) = f(p)⟨., .⟩ for some positive function f : P → R. Here
⟨., .⟩ denotes the standard inner product in Rn.

(a) Which choice of P, f corresponds to hyperbolic space?

(b) Prove that the angle between two curves intersecting at a point is the same whether we compute it
using the metric g or using the Euclidean metric.

(c) Compute det g in terms of f .

8. According to the previous exercise it is possible for a Riemannian metric to distort distances but not
angles. Is it also possible to have a Riemannian metric (other than the Euclidean one) that distorts angles
but not distances? We will investigate this question in steps. We will work in a fixed n-dimensional
Riemannian chart (P, g).

(a) Take any p ∈ P and vector v ∈ Rn and define γ : (0, ε) → P by γ(t) = p + vt. Show that you can
make ϵ sufficiently small for the image of γ to be in P as advertised.

(b) Show that limε→0 ε
−1L(γ) =

√
g(p)(v, v). Hint: mean value theorem for definite integrals.

(c) Explain why the length (w.r.t. g) of at least some curves must be distorted when compared to their
Euclidean length, unless g is the Euclidean metric.

9. Consider the points A = e1 and B = e1+e2+e3√
3

on the unit sphere S2.

(a) Find a curve γ : [0, 1] → S2 parametrizing the great spherical arc [A,B]S2 , so γ(0) = A and γ(1) = B
and γ injective and differentiable.

(b) Find the spherical distance dS2(A,B).

(c) If WS : R2 → S2 is the stereographic map, find a curve β : [a, b] → R2 such that γ =WS ◦ β.
(d) Prove that L(β) = dS2(A,B), where L(β) is the length with respect to the pull-back metric g = gWS

on R2 corresponding to the stereographic map.

10. Isometries of the hyperbolic plane H2. Throughout this exercise we identify H2 with the complex upper
half plane.

(a) Prove that the map R(z) = −z̄ is an isometry of H2 to itself. Is it orientation preserving?

(b) Prove that for any nonzero a ∈ R the map H(z) = az is a hyperbolic isometry.

(c) Show that J(z) = − 1
z is an orientation preserving hyperbolic isometry.

(d) Show that for any nonzero c ∈ R the map M(z) = az+b
cz+d is a hyperbolic isometry, where ad− bc = 1.
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(e) Determine the image of the positive imaginary axis under M(z).

11. Imagine a Riemannian chart (P, g) and two Riemannian isometries F,G between (P, g) and (P, g). Prove
that the composition F ◦G is also a Riemannian isometries from (P, g) to itself.

12. Hyperbolic lines. Consider two distinct points in A,B ∈ H2, viewed as complex numbers with positive
imaginary part.

(a) Show that either Re(A) = Re(B) or there is a unique Euclidean circle with real center passing through
both A and B.

(b) Prove that for any pair of distinct points in the hyperbolic plane there is a unique hyperbolic line
passing through both.

(c) Prove that two distinct hyperbolic lines can only meet in at most one point in the hyperbolic plane.

(d) Is it possible for two hyperbolic lines in H2 to not meet in a point (be ‘parallel’)?

13. Right angled pentagons, see Figure 3.7. For some unknown positive real number x, consider the five
Euclidean circles S1

0,
√

2
x

, S1

±x,
√

2
x

, S1
±1,

√
2
, where S1

c,r means the circle with center c (viewed as a complex

number) and radius r.

(a) Show that for any x > 0 the circles of the same size meet at right angles.

(b) Find x such that the circles S1

x,
√

2
x

and S1
1,
√
2
meet at right angles. Hint: Pythagoras.

(c) Show that the above five circles bound a right angled pentagon.

(d) Prove that inversion in any of the sides of the right angled pentagon is another right angled pentagon.

3.3 Euclidean Geodesics

After familiarizing ourselves with the language of Riemannian charts we now come back to our main question.
What is the straightest path between two points? Already in the familiar case of the Euclidean plane the
definitive answer is not so straightforward. How do we know for sure that a straight line is really the shortest
path between two points in the plane?

To find out, start with a curve γ : [0, 1] → R2 connecting A = γ(0) and B = γ(1). If γ is the shortest route
between A and B then for any function h = h1e1+h2e2 we will see that within the family of curves γϵ = γ+ ϵh,
our original curve γ is still the curve with the shortest length. In other words S(ϵ) = Length(γ + ϵh) has a
minimum at ϵ = 0. In Figure 3.8 you can see two possible choices of h giving rise to two families of curves.
Setting γϵ = γϵ,1e1 + γϵ,2e2 we find

S′(0) =
d

dϵ
|ϵ=0

∫ 1

0

√
γ̇2ϵ,1 + γ̇2ϵ,2dt = 0

The square root in this formula is a little awkward and we might as well assume that |γ̇| = 1 by reparametriz-
ing if necessary. That way we see that if γ minimizes the length function it must also minimize the easier energy

E , where E(γ) =
∫ 1

0
|γ̇(t)|2dt. Setting R(ϵ) = E(γ + ϵh) we find R′(0) = 0.

R′(0) =
d

dϵ
|ϵ=0

∫ 1

0

(γ̇2ϵ,1 + γ̇2ϵ,2)dt = 0

Differentiating under the integral sign and using γ̇ϵ,i(t) = γ̇i(t) + ϵḣi so

d

dϵ
|ϵ=0γ̇

2
ϵ,i = 2γ̇iḣi = 2

d

dt

(
γ̇i(t)hi(t)

)
− 2γ̈i(t)hi(t)

We get

0 = R′(0) = 2
∑
i=1,2

∫ 1

0

( d
dt

(
γ̇i(t)hi(t)

)
− γ̈i(t)hi(t)

)
dt = 2

∑
i=1,2

[γ̇i(t)hi(t)]
1
0 − 2

∫ 1

0

γ̈i(t)hi(t)dt

Choosing h such that h2(t) = 0 and h1(0) = h1(1) = 0 we get the equation
∫ 1

0
γ̈i(t)hi(t)dt = 0 for all such

choices of function h1. According to the Lemma 3.12 below we can conclude that γ̈1(t) = 0. A similar argument
shows γ̈2(t) = 0 so we arrive at the equation for our length minimizing curve γ: it should satisfy γ̈ = 0. This is
a system of two second order differential equations that has solutions γ(t) = (at + b, ct + d) and those are the
sought after straight lines!
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Lemma 3.12. Suppose M : [0, 1] → Rn is a continuous function. If M is such that for all C2 functions
h : [0, 1] → R with h(0) = h(1) = 0 we have ∫ 1

0

M(t)h(t)dt = 0

then M(t) = 0 for all t ∈ [0, 1].

Proof. It suffices to treat the case n = 1. The general case follows by restricting to one of the coordinates.

Suppose M(z) ̸= 0 for some z ∈ [0, 1], say M(z) > 0. By continuity of M there must exist a small interval
[z1, z2] ⊆ [0, 1] where M > 0. For a contradiction define the function h : [0, 1] → R by h(t) = −(t− z1)3(t− z2)3
if t ∈ [z1, z2] and h(t) = 0 outside this interval. We leave it to the reader to check that h is C2. Then Mh is

positive on (z1, z2) and equal to 0 outside this interval so 0 =
∫ 1

0
M(t)h(t)dt =

∫ z2
z1
M(t)h(t)dt > 0.

Exercises

1. (Bernoulli’s Brachistochrone Problem.) Imagine a metal bead with a wire threaded through a hole in it, so
that the bead can slide with no friction along the wire. How can one choose the shape of the wire so that
the time of descent under gravity (from rest) is smallest possible?

In this exercise, we will apply the same variational reasoning as used to find Euclidean straight lines to
solve this famous problem. For convenience, choose coordinates such that the initial point is at the origin,
the positive y-axis points downward (so the acceleration due to gravity is positive!) and the final point is
at (a, b), with a, b > 0.

(a) Draw a picture of the situation.

(b) (If you like physics) Apply conservation of energy to show that the bead’s velocity is v =
√
2gy.

(c) Assume that the wire path can be written as a graph x = x(y). Show that the travel time can be
computed from the following integral:

T =
1√
2g

∫ b

0

√
(x′(y))2 + 1

√
y

dy.
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(d) Minimizing T (γ) over all curves γ(y) = x(y) given by the above integral is similar to minimizing
the energy E(γ). Follow the line of reasoning used in the text to derive a differential equation for
the curve minimizing T , assuming it exists. You should introduce a family of curves depending on a
parameter ϵ and differentiate with respect to ε to obtain the following ODE:

(x′)2

y(1 + (x′)2)
= constant.

(e) For convenience, we will set the constant above equal to 1
2q . Resolve the above equation for x′, and

solve the resulting ODE using separation of variables.
Hint: Substitute y = q(1− cos θ) for the integral.

(f) It follows from (d) that the solution to the Brachistochrone problem (in parametric form) can be
written as {

x(θ) = q(θ − sin θ),

y(θ) = q(1− cos θ).

Show that these equations describe a cycloid, i.e. a curve obtained by rolling a circle of q over the
x-axis, and tracing one point.

Remark: The cycloid has many more interesting properties. Oscillations of a ball rolling in a cycloid-
shaped well are isochronous, meaning that the period is independent of the amplitude. You could think
about what this fact implies for our Brachistochrone curve.

2. If β : [0, 1] → R2 is a C1 curves then prove that there exists a C1 curve γ : [0, 1] → R2 with β(0) = γ(0)
and β(1) = γ(1) and |β̇| = 1.

3. In this section we gave an argument showing that the curve minimizing energy E must satisfy γ̈ = 0.
Go through this argument step by step but use instead of the energy function the function F(γ) =∫ 1

0
(|γ̇(t)|2 + |γ(t)|2)dt. Follow the argument to derive a similar differential equation for the curve γ that

minimizes F .

3.4 Riemannian geodesics

In Euclidean space we had some idea what the straightest or shortest path connecting two points should look
like. Using the variational argument in the previous section we could confirm it by deriving a differential
equation that those curves should satisfy. In this section we generalize the variational calculation to derive a
differential equation that characterizes the straight curves in any Riemannian chart.

As before we suppose our curves have unit speed g(γ(t))(γ̇, γ̇) = 1. We work in a Riemannian chart (P, g)
of dimension n.

The curves we seek minimize the Length function and hence also the easier Energy function E . In the
Riemannian sense of course, so instead of the inner product we use g:

E(γ) =
∫ 1

0

g(γ(t))(γ̇(t), γ̇(t))dt

Our strategy is precisely as before. For any real valued function h and any direction k we will introduce a family
of curves γϵ(t) = γ(t) + ϵhek. As before we assume that h(0) = h(1) = 0. Since γ is supposed to minimize the
energy we can differentiate with respect to ϵ and derive a differential equation. Set R(ϵ) = E(γϵ) then we will
attempt to calculate R′(0)

0 = R′(0) =
d

dϵ
|ϵ=0

∫ 1

0

g(γϵ(t))(γ̇ϵ(t), γ̇ϵ(t))dt =

∫ 1

0

n∑
i,j=1

( d
dϵ

|ϵ=0 gij(γϵ)γ̇ϵ,iγ̇ϵ,j
)
dt

Our aim is to use the Lemma 3.12 again to get rid of the integral. Using the product rule we calculate the
derivative with respect to ϵ as three terms:

n∑
i,j=1

d

dϵ
|ϵ=0 gij(γϵ)γ̇ϵ,iγ̇ϵ,j =

n∑
i,j=1

∂kgij(γ)hγ̇iγ̇j+gij(γ)ḣγ̇jδik+gij(γ)γ̇iḣδkj =

n∑
i,j=1

∂kgij(γ)hγ̇iγ̇j+2

n∑
s=1

gks(γ)ḣγ̇s

To be able to apply Lemma 3.12 we need to remove the term ḣ by partial integration. More specifically we
rewrite the summand in the final term as

gks(γ)ḣγ̇s =
d

dt

(
gks(γ)hγ̇s

)
−

n∑
r=1

∂rgks(γ)γ̇rhγ̇s − gks(γ)hγ̈s



52 CHAPTER 3. RIEMANNIAN GEOMETRY

Putting it all together we see that

R′(0) =

∫ 1

0

( n∑
i,j=1

∂kgij(γ)hγ̇iγ̇j + 2

n∑
s=1

( d
dt

(
gks(γ)hγ̇s

)
−

n∑
r=1

∂rgks(γ)γ̇rhγ̇s − gks(γ)hγ̈s
))
dt =

∫ 1

0

(( n∑
i,j=1

∂kgij(γ)− 2∂jgki(γ)
)
γ̇iγ̇j − 2

n∑
s=1

gks(γ)γ̈s

)
hdt = 0

According to Lemma 3.12 we can conclude that our minimal curve γ satisfies the following differential equation
for any k ∈ {1, . . . n}:

n∑
s=1

gks(γ)γ̈s =

n∑
i,j=1

(1
2
∂kgij(γ)− ∂jgki(γ)

)
γ̇iγ̇j (3.2)

This system of n ordinary differential equations is known as the geodesic equation. For the record we call all
the solutions to the geodesic equation geodesics.

Definition 3.13. (Geodesic)
Any C2 curve in a Riemannian chart that solves the geodesic equations (3.2) is called a geodesic (curve).

A relatively simple example is the hyperbolic plane. Recall that the matrix for the metric is diagonal
gij(x, y) = δijy

−2. Therefore the geodesic equations read:

γ̈1 = 2γ−1
2 γ̇1γ̇2 γ̈2 = γ−1

2 (γ̇22 − γ̇21)

The curve γ(t) = (0, et) is a geodesic in H2. As we saw before the hyperbolic isometries M(z) = az+b
cz+d send

this curve to the other geodesics that look like circles with center on the real line. Notice that γ has unit speed
when calculated in the hyperbolic metric.

Theorem 3.14. (Existence and uniqueness of geodesics)
For any p ∈ P and there exists a unique solution to the geodesic equation (3.2) γ such that γ(0) = p.

Proof. Since the matrix (gij) is invertible we can compute its inverse and denote its entries by g−1
ij . Notice that

by definition
∑n
k=1 g

−1
ℓk gks = δℓ,s. Summing the geodesic equation over

∑n
k=1 g

−1
ℓk on both sides we thus find

that for any ℓ ∈ {1, . . . n}:

γ̈ℓ =

n∑
k=1

g−1
ℓk

n∑
i,j=1

(1
2
∂kgij(γ)− ∂jgki(γ)

)
γ̇iγ̇j

We can change this into a system of first order ODE we introduce βi = γ̇i so that

γ̇ = β β̇ℓ =

n∑
k=1

g−1
ℓk

n∑
i,j=1

(1
2
∂kgij(γ)− ∂jgki(γ)

)
βiβj

The existence and uniqueness theorem of systems of first order ODE now tells us the solution γ exists and is
unique if we insist that γ(0) = p.

There is much more to say about geodesics. For example do they actually minimize the length of a curve?
Locally it turns out they do but this requires further analysis. Does the Riemannian metric make our Riemannian
chart into a metric space?

Also since isometries preserve the length of a curve it is plausible that geodesics will be mapped to geodesics
but this too requires a further argument. Instead of checking this directly it is more enlightening to rewrite the
geodesic equations in a form that depends less on the arbitrary coordinates given by the standard basis of Rn.
For example it would be much better to use Gram-Schmid to find an orthonormal basis for g(p) at every point p
and work in terms of that basis. In terms of Riemannian metrics pulled back from parametrized hypersurfaces
we can think of the geodesic equation as stating that the acceleration is 0 except for terms in the direction
normal to the surface that are needed to keep the curve on the surface.

In a further course on differential geometry all these questions and more will be answered using the machinery
of connections, curvature and covariant derivatives.
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Exercises

1. Spherical geodesics. In this exercise we use the geographic coordinates defined by the functionWG(λ, φ) =
(cosλ cosφ, sinλ cosφ, sinφ) as in the beginning of the chapter.

(a) Verify that the first geodesic equation is cos2(γ2)γ̈1 = 2 sin γ2 cos γ2γ̇1γ̇2.

(b) Also derive the second geodesic equation.

(c) Verify that the curve γ(t) = (t, 0) has unit speed with respect to the pull-back metric gWG
.

(d) What curve on the sphere does the previous γ represent?

(e) Prove that this curve satisfies the geodesic equations.

2. Consider the function W : R2 → R3 given by W (x, y) = (x, y, x2 − y2).

(a) Calculate the coefficients gij of the pull-back metric g = gW corresponding to the map W .

(b) Find the functions F1, F2 such that the geodesic equations in the Riemannian chart (R2, g) take the
form

γ̈1 = F1(γ̇, γ) γ̈2 = F2(γ̇, γ)

(c) Rewrite your equations to get a system of four first order differential equations.

3. In this exercise we help you read through the computation of R′(0) given in this subsection.

(a) Explain why
n∑

i,j=1

gij(γ)ḣγ̇jδik + gij(γ)γ̇iḣδkj = 2

n∑
s=1

gks(γ)ḣγ̇s

(b) Explain why d
dtgks(γ(t)) =

∑
r ∂rgks(γ(t))γ̇ks(t).

(c) Why is the following true (given the assumptions mentioned in the main text)?∫ 1

0

2

n∑
s=1

d

dt

(
gks(γ(t))h(t)γ̇s(t)

)
dt = 0

(d) Rewrite the geodesic equation as
γ̈ℓ + Γℓij(γ(t))γ̇iγ̇j

where

Γℓij(γ(t)) = −1

2

n∑
k=1

g−1
ℓk

n∑
i,j=1

(
∂kgij(γ)− ∂igjk(γ)− ∂jgki(γ)

)
are known as the Christoffel symbols.

4. Suppose W : P → Rm is a differentiable map with an injective derivative at each point. We will interpret
the Christoffel symbols found in the geodesic equation (see previous exercise) in terms of W .

(a) Prove that
n∑
r=1

Γrijgkr(p) =
1

2
(∂igjk + ∂jgki − ∂kgij)

(b) Show using the product rule for the standard dot product in Rm we have

∂igjk = ∂i(∂jW ·, ∂kW ) = (∂i∂jW ) · ∂kW + ∂jW · (∂i∂kW )

(c) Combine the previous part and similar expressions where we permute i, j, k cyclically to prove

⟨∂i∂jW (p), ∂kW (p)⟩ =
n∑
r=1

Γrijgkr(p) =
1

2
(∂igjk + ∂jgki − ∂kgij)

5. Continuing the previous exercise we aim to show that if β =W ◦ γ then the geodesic equations for γ are
equivalent to the statement that β̈ ⊥ Tβ(t), where Tq is the tangent space to the surface W (P ) at the
point q =W (p). Recall that the tangent space at W (p) is spanned by the vectors ∂kW (p).

(a) Take W to be any parametrization of the unit sphere you like and verify that if β is a great circle
such that |β̇| = 1 then β̈ is orthogonal to the tangent space.
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(b) Explain why it suffices to prove that for all k we have ⟨ ¨beta(t), ∂kW (γ(t))⟩.
(c) Use the chain rule to find an expression for β̇ in terms of γ and W .

(d) Prove that

β̈(t) =
∑
i,j,=1

∂j∂iW (γ(t))γ̇i(t)γ̇j(t) +
∑
i

= 1∂iW (γ(t))γ̈i(t)

(e) Apply the results of the previous exercise to compute that

⟨β̈(t), ∂kW (γ(t))⟩ =
∑
i,j

n∑
r=1

Γrijgkr(p)γ̇iγ̇j +
∑
s

gskγ̈

(f) Use the previous part to conclude that the geodesic equation is equivalent to the statement that the
acceleration of β is orthogonal to the tangent space at the point β.
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